Mathematica 11.3 Integration Test Results

Test results for the 400 problemsin "1.2.1.9 P(x) (d+e x)"m (a+b x+c
x"2) p.m"

Problem 39: Result more than twice size of optimal antiderivative.

(a+bx2) (—ad+4bcx+3bdx2)
J dx

(c+dx)2

Optimal (type 1, 17 leaves, 1 step):
(a+bx2)2
c+dx
Result (type 1, 62 leaves):
a?d*+2abd? (c?+cdx+d?x?) +b? (c*+c3dx+dx?)

d* (c+dx)

Problem 40: Result more than twice size of optimal antiderivative.

J<a+bx2) (-ad+bx (4c+3dx)) ix

(C+dx>2

Optimal (type 1, 17 leaves, 1step):
(a +b Xz) 2

c+dx

Result (type 1, 62 leaves):
a’d*+2abd? (c?+cdx+d?x?) +b? (c*+c>dx+dx*)

d4 (c+dx)

Problem 41: Result more than twice size of optimal antiderivative.

J<a+bx2)2 (—ad+6bcx+5bdx2)
<C+dx)2

dx

Optimal (type 1, 17 leaves, 1step):
(a +b Xz) 3

c+dx
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Result (type 1, 90 leaves):
6(1>(a3d6+3a2bd4 (c?+cdx+d>x*) +3ab’d?® (c*+cPdx+d*x*) +b> (c®+c’dx+d®x®))
d® (c+dx

Problem 42: Result more than twice size of optimal antiderivative.

j(a+bx2)2 (-ad+bx (6c+5dx)) N

(c+dx)2

Optimal (type 1, 17 leaves, 1 step):
(a +b X2> 3

c+dx

Result (type 1, 90 leaves):
1

—(a3d6+3a2bd4 (c2+cdx+d2x2) +3ab?d? (c4+c3dx+d4x4) +b3 (c6+c5dx+d6x6)>
dé (C+dx)

Problem 136: Unable to integrate problem.
J(nghx)"' (a+cx®)P (d+ex+fx*) dx

Optimal (type 6, 420 leaves, 6 steps):

f (g+hx)1*m (a+cx2)1*p

ch (3+m+2p)

(afh? (1+m) -c (2fg? (1+p) -h (eg-dh) (3+m+2p))) (g+hx)"™" (a+cx?)P

-p P
1 g+hx g+hx
g mh g, Lan
Ve Ve
g+hx g+hx
AppellF1[1+m, -p, -p, 2+m, B ] /(ch3 (1+m) (3+m+2p)) -
-a_h -a h
g - N g+ NS
P -p
2fg(1+p)-eh (3+m+2 +hx)%™ (a+cx?)P 1—ﬂ 1—ﬂ
(2fg (1+p)-eh | p)) (g+hx)" )
g ah g, an
Ve Ve
g+hx g+hx 3
AppellF1[2+m, -p, -p, 3+m, — 7ah] /(h (2+4m) (3+m+2p))
g- NG g+ NS

Result (type 8, 29leaves):
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J(nghx)"' (a+cx®)P (d+ex+fx*) dx

Problem 137: Unable to integrate problem.
J(g+hx)m\/a+cx2 (d+ex+fx?) dx

Optimal (type 6, 403 leaves, 6 steps):

f (g+hx)1”" (a+cx2)3/2

ch(4+m)

(afh*(1+m)-c(3fg>-h(eg-dh) (4+m)))

(g+hx)¥\[ascx® AppellFi[1em, - =, -1, 2. m, BENX ~ BrhX }/
2" 2

-a h -a h
8 e Ee
h h
ch3(1+m) (4+m) 1_g+4x 1_g+7x _ (3'Fg—eh(4+m)>
V-ah -a_h
8- g+
Ve N

(g+hx>2+mmAppellFl[2+m,_11_1,3”“) g+hx , g+hx }/
2 2

-a h -a_h
g NS g+ NeS

h h
he(2+m) (4+m) |1- ST | EBTX
-a h -a h
g- L2t g+
\/ C \ C

Result (type 8, 31 leaves):

J(g+hx)’"x/a+cx2 (d+ex+fx?) dx

Problem 138: Unable to integrate problem.

J(g+hx)'3'2p (a+cx2)p (d+ex+-Fx2) dx

Optimal (type 6, 474 leaves, 5steps):



4 | Mathematica 11.3 Integration Test Results for 1.2.1.9 P(x) (d+e x)~"m (a+b x+c x~2)p.nb

(fg2-egh+dh?) (g+hx) 2P (a+cx?)tP
2h (cg?+ah?) (1+p)

-p -p
£ (g+hx) 2P (a+cx?)P . _Brhx | grhx
2h%p g_Lan g+ Lan
Ve Ve
AppellFi[-2p, -p, -p, 1-2p, g+ hx g+hx ]+[(ahz(2-Fg—eh)+c(-Fg3—dgh2))
g Lan’ o e
Ve Ve
(Ve g+v-an| (V-a v?x)
(\/—a —\Ex) <g+hx)’1’2p <a+cx2)p
(Ve g-+v-ah) (V=a -Vc x|

2+/-a Ve (g+hx)
(\ng\/:h) (\/:7\/?X)
(h2 (\/?ng\/:h) (cg®+ah?) (1+2p))

Hypergeometric2F1[-1-2p, -p, -2p, ]

/

Result (type 8, 33 leaves):

j(g+hx)'3'2p (a+cx2)p (d+ex+fx?) dx

Problem 139: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J(d+ex)m (-cd*+bde+be’x+ce*x*)? (- (cd-be) f+ (cef-cdg+beg) x+cegx®) dx

Optimal (type 5, 222 leaves, 6 steps):

g (d+ex)'1+m (-d(cd-be) +be2x+ce2x2)2+IO

ce? (3+m+2p)

(beg (1+m+p)+c(dg(l-m)-ef(3+m+2p))) (d+ex)"

d nop
% (cd-be-cex)?(-d(cd-be) +be*x+ce?x?)P
2cd-be
Hypergeometric2F1[-m-p, 2+p, 3 +p, cd—bde%] /(cze2 (2+p) (3+m+2p))
2cd-be

Result (type 6, 527 leaves):
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w |

(d+ex)" (- (d+ex) (-be+c (d-ex)))P

3

((Qd(cdbe)(cef+cdgbeg)szppellFl[Z,mp,p,3,Ei _cex L/
d cd-be

ex cex
(2 (Bd (-cd+be) AppellF1[2, -m-p, -p, 3, -

P +
cd-be
ex cex
ex cdpAppe11F1[3,fm—p,1—p, 4, - s 4]*
d cd-be
ex cex
(cd-be) (m+p) AppellF1[3, 1-m-p, -p, 4, ‘*:“44*]”)+
d cd-be
ex cex
(4cde(—cd+be)gx3AmmllH{3,—m—p,—p,4,———3 —————}//
d cd-be
ex cex
(4d (-cd+be) AppellF1[3, -m-p, -p, 4, - —, —— | +
d cd-be
ex cex
e x cdpAppe11F1[4,—m—p,1—p, 5, -—, 7]—
d cd-be
ex cex
(cd—be)(m+p)Mmer1Hu17m—p,—p,5, —*,4—444*)]7
d cd-be
1 c(d+ex)\™P
——— 3 (cd-be) f| — (-cd+be+cex)
ce (1+p) 2cd-be

. -cd+be+cex
Hypergeometr1c2F1[—m-—p, l+p,2+p, ————————
-2cd+be

Problem 206: Result more than twice size of optimal antiderivative.
J<a+bx+cx2>3/2 (d+ex+fx?)
(g+hx)7

dx

Optimal (type 3, 657 leaves, 6 steps):
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—([(b2—4ac) (24c*dg*+24a*fh*>-12abh (2fg+eh) +
b> (7fg’+5egh+7dh?*) -4c (3bg (eg+2dh) +a (fg>-7egh+dh?)))
(bg-2ah+ (2cg-bh) x)Ja+bx+cx? /(512(cg2—bgh+ah2)4(g+hx>2)]+

((24c?dg?+24a’Fh?-12abh (2fg+eh) +b? (7fg?+5egh+7dh?) -
4c (3bg(eg+2dh)+a(fg’-7egh+dh?)))
(bg-2ah+ (2cg-bh)x) <a+bx+cx2)3/2)/(192 (cngbthrahz)3 (g+hx)4) -

(fg2-h(eg-dh)) (a+bx+cx?)*?

+

6h (cg2-bgh+ah?) (g+hx)°
((ch (5fg?>+h(eg-7dh))+h(12ah (2fg-eh)-b(17fg>-5egh-7dh?)))
(a+bx+cx2)5/2)/(60h (cg2-bgh+ah?)? (g+hx)5) +

(b2—4ac)2 (24c*dg®>+24a*>fh’-12abh (2fg+eh) +b* (7fg>+5egh+7dh?) -

4c (3bg(eg+2dh)+a(fg’-7egh+dh?)))

bg-2ah+ (2cg-bh)x
2./cg?-bgh+ah? Varbx+cx?
Result (type 3, 2022 leaves):

ArcTanh|

] / (1924 (cgz—bgh+ah2)9/2)
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1 (cg?-bgh+ah?) (fg2-egh+dh?) 1

—————— (a+x (b+cx))¥? |- +

a+bx+cx? 6h° (g+hx)® 60h° (g+hx)°

(5@cfg’-38ceg’h-37bfg’h+26cdgh’+25begh®+24afgh’-13bdh>-12aeh?) +

(-800c*fg*+416c’eg’h+1184bcfg’h-152c*dg?’h*-548bceg’h’ -
387b%2fg?h?-908acfg’h?+152bcdgh®+135b%2egh®+404acegh’®+
504abfgh’-3b2dh*-140acdh’-132abeh’-120a% fh*) /

1

(480h5 (cg?-bgh+ah?) (g+hx)4) +
960 h® (cgz—bgh+ah2)2 (g+hx)3

(1600 > fg>-448c’eg*h-3552bc*fg*h+16c>dg’h’ +888bc?eg’h®+2322b>cfg’h’+

3144ac’fg*h?-24bc?dg?h®-438b°ceg?’h®-888ac?eg?®h®-377b3fg?h’-
3828 abcfg?h®-6b2cdgh*+72ac’dgh*+5b%egh*+852abcegh*+744ab>fght+
1488a*cfgh*+7b’dh®>-36abcdh®-12ab’eh®-384a*ceh®-360a*bfh®) +

1

(-3200c*fg®+128c*eg’h+9472b > fg>h+

3840h° (cg?-bgh+ah?)® (g+hx)?
64c*dg*h?-352bc>eg*h?-9288b2c>fg*h?-9504ac3fg*h?-128bc3dg®h3+
264b2c’eg®h®+480aceg®h®+3016b3cfg>h®+18528abc?fg>h’+
384ac’dg’h*+20b3ceg?h*-912abc?eg?h*-35b*fg?h*-8808ab’cfg?h?-
9264a%>c?fg?h*+64b3cdgh®-384abc’dgh®-25b*egh®+96ab’cegh’®+
912a’c?egh®+120ab>fgh®>+8352a’bcfgh®-35b*dh®+216ab%cdh®-
240a°c*dh®+60ab*eh®-336a°bceh®-120a%*b*fh®-2400a%c fh®) +

1

(1280c>fg’+256 c°eg®h-4736bc* fglh+

7680 h° (cg2-bgh+ah?)® (g+hx)
128c>dg”h?-832bc*eg®h?+6192b2c®fg>h?+5312ac*fg°h?-320bc*dgh’+
816b*cleg*h®+1216acteg*h®-3016 b3 c2fg*h®-14496abc3fg*h’+
96b2c*dgih*+89%6ac*dg®h*-80b3c’eg®h*-2880abcleg’h*+70b*cfg’h*+
11664ab’>c?fg>h*+8544a%>c3>fg>h*+176 b3 c?2dg?h®-1344abc>dg’h’ -
130b*ceg’h®+1104ab’c?eg’h®+2784a° ceg?h®>+105b° fg2 h® -
1000 ab3cfg>h®-15600a%bc*fg?h®>-290b*cdgh®+1968ab?c®dgh® -
2592a2c3dgh®+75b>egh®-200ab3>cegh®-1488a’bc?egh®-360ab*fgh’®+
2640 a’b?cfgh®+7872a3c2fgh®+105b°dh’ -760ab3>cdh’ +1296a%bc?>dh’ -

180ab*eh’ +1200a*b*ceh’ -1536a° c>eh’ +360a*b>fh’ -2400a*bcfh’) | +
((b2—4ac)2 (24c*dg?-12bceg?+7b*fg*-4acfg’-24bcdgh+5b’egh+
28acegh-24abfgh+7b’dh*-4acdh’-12abeh’+24a°fh?)

(a+x (b+cx))3/2Log[g+hx])/(1924 (cg?-bgh+ah?)®?

(a+bx+cx2)3/2) -
((b2—4ac)Z (24c*dg?-12bceg?+7b*fg*-4acfg’-24bcdgh+5b’egh+

28acegh-24abfgh+7b°dh’-4acdh®-12abeh®+24a®fh’) (a+x (b+cx))3/2

/

Log[—bg+2ah—2ch+bhx+2\/cg2—bgh+ah2 \/a+bx+cx2]

(1924 (cg?-bgh+ah?)?? (a+bx+cx2>3/2)

| 7
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Problem 207: Result more than twice size of optimal antiderivative.

J(a+bx+cx2)3/2 (d+ex+fx?) 4
X
<g+hX>8

Optimal (type 3, 1062 leaves, 7 steps):
—([(b2—4ac) (48c>dg’-8c’g (3bg (eg+3dh) +a (fg’-8egh+3dh?)) -

bh (24a*>fh?>-2abh (186fg+7eh) +b* (5fg>+5egh+9dh?)) +
2c (4a*h? (8fg-eh)-2abh (13fg?>+13egh-3dh?) +b>g (7fg’+10egh+21dh?)))

(bg-2ah+ (2cg-bh)x)/a+bx+cx? /(1024 (cgz—bgh+ah2)5 (g+hx)2)) +

((48c3dg3—8c2g(3bg (eg+3dh)+a(fg?-8egh+3dh?)) -

bh (24a*fh?>-2abh (10fg+7eh)+b> (5fg>+5egh+9dh?)) +
2c (4a*h? (8fg-eh)-2abh (13fg*>+13egh-3dh?) +b>g (7fg*>+10egh+21dh?)))

(bg-2ah+ (2cg-bh)x) <a+bx+cx2)3/2)/(384(cngbgh+ah2)4 (g+hx)4) -

(fg2-h(eg-dh)) (a+bx+cx?)*?
N

7h (cg?-bgh+ah?) (g+hx)7
((ch (5fg>+h(2eg-9dh)) +h(14ah (2fg-eh)-b (19fg?>-5egh-9dh?)))

(a+bx+cx2)5/2)/
(84h (cngbthrahz)2 (g+hx)6) + ((4c2g2 (5fg?>+h(2eg-51dh)) -
7h* (24a®fh*-2abh (16fg+7eh) +b*> (5fg>+5egh+9dh?)) -
2ch (3bg (8fg°-15egh-34dh*) -2ah (26 fg’-6legh+12dh?}))

(a+bx+cx2)5/2)/(84eh (cgz—bthrah2>3 <g+hx)5) +

(b2—4ac)2 (48c>dg’-8c’g(3bg(eg+3dh) +a(fg’-8egh+3dh’)) -

bh (24a*fh?>-2abh (10fg+7eh)+b> (5fg>+5egh+9dh?)) +
2c (4a’h®> (8fg-eh)-2abh (13fg?+13egh-3dh?) +b’g (7fg’+10egh+21dh?)))

bg-2ah+ (2cg-bh)x ]

ArcTanh [
2\/cg2—bgh+ah2 Va+bx+cx?

Result (type 3, 3059 leaves):
1 (cg?-bgh+ah?) (fg2-egh+dh?)
N

a+bx+cx? 7h% (g+hx)’
(58cfg’-44ceg’h-43bfg’h+30cdgh’+29begh®*+28afgh’-15bdh’-14aeh?) +
(-1100c*fg*+568c*eg’h+1632bcfg’h-204c*dg’h’-750bceg?h?-535b>fg’h® -

1256acfg?h?+204bcdgh®+185b2egh®+556acegh®+700abfgh®-3b%dh*-

192acdh“—182abeh“—168a21‘:h4)/(840h5 (cg’-bgh+ah?) (g+hx>5) +

1
(8000 > fg> - 2176 cPeg*h-17824bc*fg'h +

(2048 (cgz—bgh+ah2)ll/2)

1
84h° (g+hx)°

a+x (b+cx>)3/2

6720h° (cg?-bgh+ah?)? (g+hx)*
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48 c3dg>h?+4328bc2eg®h?+11702b%2cfg*h?+15832ac?fg*h?-72bc2dg?h’-
2140b%>ceg?h®-4352ac’eg?h®-1905b3 fg?h3-19396abcfg?h®-30b%2cdgh*+
264ac’dgh*+15b%egh*+4220abcegh*+3780ab’fgh*+7616a%cfgh®+
27b*>dh®-132abcdh®-42ab’eh®-1960a°ceh® -1848a*b fh>) +

1

13440 h° <cg2—bgh+ah2)3 (g+hx)3

96 c*dg*h?2-368bc*eg*h?-18852b2c?fg*h?-19216ac>fg*h?2-192bcdg*h®+
288b2c’egih®+512acdeg®h®+6152b>cfg>h®+37920abc?fg*h®-36b%c2dg?h*+
720ac®dg’h*+50b>ceg?h*-1128abc?eg?h*-35b* fg2h*-18276ab?cfg?h? -
19200a%c*fg?h*+132b3cdgh®-720abc®dgh®-35b*egh®>+48ab%cegh’®+
1392a’c?egh®+140ab3>fgh®>+17808a’bcfgh®-63b*dh®+372ab?cdh® -
384a°c*dh®+98ab*eh®-504a°bceh®-168a*b*fh®-5376a>cfh®) +

1

(-6400c* fg®+128c*eg’h+19072bc* fg>h+

(1280 c®fg’ +512ceg®h-4992bc* fgth+
53760 h° (cg?-bgh+ah?)* (g+hx)?
384c>dg®h?-1728bc*eg’h? +6928b%c3fg°h?+5696ac*fg®h?-960bctdgih’+
1696 b2 c>eg*h3+2816ac*eg?h®-3496b3c?fg*h®-17056abc3fg*hd+
96b2c3dg*ht+3456ac*dg*h*+80b3c?2eg®h*-7360abceg?h*-210b%cfgih*~
15504 ab%c?fg>h*+10464a% 3> fg>h*+816b3c2dg?h®>-5184abc3dg?h® -
420b%*ceg?h®+2304ab?c?eg’h®+9024a2c>eg®h®>+175b° fg2h° -
280ab3cfg?h®-24720a’bc?>fg>h°>-966b%*cdgh®+6096ab2c>dgh® -
7008 a2 c3dgh®+175b°egh®+56ab3cegh®-5520a?bc2egh®-700ab*fght +
3024 a’b2cfgh®+16128a°>c?2fgh®+315b°dh’ -2184ab3>cdh’ +3504a%2bc>dh’ -
490ab*eh’ +3024a° b’ ceh’-3360a>c’eh’ +840a°b> fh' -4704a°bcfh’) +
1

(2560 c® fg®+1024c®eg’h-11264bc>fg'h+
107520 h® (cgz—bgh+ah2)5 (g+hx)
768 c®dgbh?-3968bc>egbh?+18208b%c*fgPh?+13952ac®>fgbh’-
2304bc’dg®h®+4864b%c*eg®h®+6656ac’eg”h®-11744b3c3fg° h’ -
48512abc*fg°h®+960b2c*dg*h*+7680ac’dg*h*-800b>cleg*h®-
20480abc*egih*+700b* c2 fg*h* +54720ab% > fg*h*+32320a%c* fg*h*+
1920b3c3dg®h®>-15360abc*dg®h®-1400b* c2eg®h®>+12480ab2c2eg?h® +
23680a’c*egih® +1120b°cfg®h>-11200ab®>c?2fg®>h®>-88320a’bc3fg3h°-
5124 b*c>dg?h®+35232ab%c3dg?h®-47424a%c*dg?h® +1750b° ceg?h® -
8176 ab3>c?eg?h®-11808a2bcleg?h®-525b5fg?2hb-560ab*cfg?hb+
27216 a’b%?c2fg>h®+59904 a3 c®>fg?h®+3780b°>cdgh’ -27552ab3c2dgh’ +
47424 a°bc>dgh’ -525b%egh’ -980ab*cegh’ +25872a2b%c2egh’ -
42432a>cegh’ +2100ab®> fgh’ -8960a’b3cfgh’ -17472a>bc>fgh’ -945b%dh® +
7560 ab*cdh®-16464a2b>c?dh® +6144a3c>dh®+1470ab’eh®-10640a°b3>ceh® +

18144 a*b c?eh® - 2520 a2 b* fh® + 16 800 a° bchh3—21504a4c2fh3) -

1

2048 (cg?-bgh+ah?)™? (a+bx+cx?)??
(b2—4ac)2
(-48c*dg’+24bc’eg’-14b°cfg’+8ac’fg’+
72bc?dg*h-20b%ceg’h-64acleg’h+5b3fg’h+
52abcfg’h-42b2cdgh?+24ac’dgh?+5b3egh?+
52abcegh®-20ab®fgh?-64a’cfgh?+9b3dh3-
12abcdh®-14ab?eh®*+8a%ceh®+24a%bfh3)

| 9
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(a+x (b+cx))3/2Log[g+hx} +
1

2048 (cg?-bgh+ah?)™? (a+bx+cx?)??
(b2—4ac)2
(-48c*dg’+24bc’eg’-14b°cfg’+8ac’fg’+
72bc?dg’h-20b%ceg’h-64ac’leg’h+5b3fg’h+
52abcfg’h-42b2cdgh?+24ac’dgh?+5b>egh?+
52abcegh?®-20ab?fgh?-64a’cfgh?+9b>dh3>-12abcdh®-
14ab’eh®*+8a’ceh’®+242’bfh®) (a+x (b+cx))??

Log[fngrZah—2ch+bhx+2chz—bthrah2 \/a+bx+cx2]

Problem 259: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j\/dJrex \Ja+rbx+cx? (A+Bx+Cx2) dx

Optimal (type 4, 906 leaves, 8 steps):
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1
315 c3 e?
c’>d (8Cd*-3e (4Bd-7Ae)) +3c’e (ae(Cd-5Be) -b(Cd*-2Bde-7Ae?)) +
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2cdbe/b’e dace’ 2cd-be- b2e2—4ace2}/

EllipticF[i ArcSinh| ]

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -

2cd-be-+b%e?-4ace? (d+ex)? d+ex

2(cd27bde+ae2)

(chfbef\/b2e274ace2) (d+ex)

121+/2 Bc*d?e |1-

2(cd2—bde+ae2)
2cdfbe+\/b2e274ace2) <d+ex)

1-
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[2 \/ cd’-bde+ae’

2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b%e?-4ace? (d+ex)? d+ex

2 (cdz—bde+ae2>

(2cd—be—\/b2e2—4ace2) (d+ex>

3ibBc3de? |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’*-bde+ae?
2cd-be/bPeldace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
N2 - : C+ - + i +
2cd-be-+b%2e2-4ace? <d+ex>2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

2112 Ac*de? |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’-bderae?
2cd-be/b’e4ace’ 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh]| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -

2cd-be-+b2e2_4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(2cd—be—\/b2e2—4ace2) (d+ex)

3ib%*c?Cde? |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2)<d+ex)
\/— cd®’-bde+ae?
2cd-be- b2e24ace 2Cd—be—\/m
EllipticF[i ArcSinh] |s }/
Vd+ex 2cd-be+vVb2e2-4ace?
Nl B cd’-bde+ae? c+cd27bde+ae2+72cd+be N
2cd-be-+b%?e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

3iv2 ac®cde? |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®*-bde+ae?
2cd-be- bze2 4ace? 2cd7be7\/m
EllipticF[i ArcSinh] | ] /
Vd+ex 2cd-be+vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

6i+v2 b*Bc2ed |1-

2 (cdszde+ae2)

2cdfbe+\/b2e274ace2) (d+ex)

1-
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[2 \/ cd’-bde+ae’

2cd-be-y/b2e?-4ace? 2cd-be-+/b%2e?-4ace?
EllipticF i ArcSinh| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

21iAbc3ed |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’*-bde+ae?
2cd-be/bre*dace’ 2cd-be-+/b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
vz |- - cs rael -2cdrbe |
2cd-be-+b%e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

151+/2 aBc?e® |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’-bderae?
2cd-be/b’e4ace’ 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh]| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -

2cd-be-+b2e2_4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

4i+/2 blcce® |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bde+ae?
2cd-be- bze2 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] |s ] /
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

(2cd—be—\/b2e2—4ace2) (d+ex)

271iabc’Ce® |1-

2 (cdszde+ae2)

1-
(2cd-be-Vb7el-aace? | (d-ex]
\/— cd®*-bde+ae?
2cd-be/brerdace? 2cd-be-+/b2e2-4ace?
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd—be+m
cd’-bde+ae? cd’-bde+ae? -2cd+be
\/? - + c+ + N C +
2cd-be-+/b?e?-4ace? (d+ex)? d+ex

Problem 260: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx/a+bx+cx2 (A+Bx+Cx2)
\d+ex

dx
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Optimal (type 4, 668 leaves, 7 steps):
1

- ————2+/d+ex (5ce (3de—7Ace+aCe) -

105 c2e3

<4cd—be) (6ch—7Bce+4bCe) +3ce (6ch—7Bce+4bCe) x) \Ja+bx+cx? +

2C+/d b 2)3/2
rex (a+ X+CX> + V2 ~/b*-4dac (5ce(2cd—be) <3de—7Ace+aCe)—

7ce

(6cCd-7Bce+4bCe) (8c*d*-2b’e*-3ce (bd-2ae)))Vd+ex

b+y/b*-4ac +2cx

c (a+bx+cx?) Vb*-4ac 2+/b?-4ac e
- EllipticE [ArcSin| ] - ] /
b2-4ac V2 2cd—(b+\/b2—4ac)e

c(d+ex
105 3 e* ( ) Ja+bx+cx? |+

2cd- (b+\/b2—4ac)e

22 +/b2-4ac (cdz—bde+ae2)

(4b2Ce2+ce (8de-7bBe-1eaCe) +c? (48Cd2—14e (4Bd-5Ae)))

c(d+ex) \/ c(a+bx+cx2)
2Cd7(b+\/m)e b2-4ac

b+y/b%2-4ac +2cx
Jbraac 2+/b2-4ac e ] /

EllipticF[ArcSin| ], -

V2 ’ 2cd—(b+\/m)e

(1@5c3e4\/d+ex \Ja+rbx+cx?

Result (type 4, 9965 leaves):
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Vd+ex

2 (24c2Cd2—ZSBczde—5bcCde+7bBce2+35Ac2e2—4b2Ce2+10acCe2) +

105 c2 e3
2(—6ch+7Bce+bCe)x 2C x2

+

35ce? 7e
1
a+x(b+cx) + 2 /a+x (b+cx)
105 c2e’vVa+bx+cx?

(—48c3Cd3+565c3d2e+16bc2Cd2e—21bBc2de2—70Ac3de2+9b2ccde2—

26ac2Cde2—14bZBce3+35Abc2e3+42ch2e3+8b3Ce3—29abcCe3)

(d ex>3/2 {c cd? bde ae? 2cd be /
+ + - + - +
(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex
2 d 2 eb—£+f7e
(d+ex) c(—1+d+ex) s
c " +
1
(cdz—bde+ae2) <d+ex)
A
C -
2 2
. cd B bde N ae B 2cd N be 12jm/?c3cd3

<d+ex)2 (d+ex>2 (d+ex)2 d+rex d+ex

2 (cd*-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdszde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

1-

2cd-be- b2e24ace 2cd-be-+vVb%2e2-4ace?

EllipticE[i ArcSinh| B ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/ \/ cd’*-bde+ae?




Mathematica 11.3 Integration Test Results for 1.2.1.9 P(x) (d+e x)~m (a+b x+c x~2)"p.nb

2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ (cdz—bde+ae2)

cd’-bde+ae? cd’>-bde+ae? -2cd+be ,
- C+ + EEVERVS
2cd-be-+/b2e2_-4ace? (d+ex)2 d+ex

| 31

2 (cd*-bde+ae?)

Bc3d?e |2cd-be++/b%?e?-4ace? 1-

(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2> <d+ex)

1-

EllipticE|i ArcSinh|

NP cd’-bde+ae?
2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace? L .
|5 | - EllipticF|i

Vd+ex 2cd-be++vVb2e?-4ace?

\/? _ cd’-bde+ae?
2cd-be-\/b*e’-4ace’ 2cd-be-+/b2e?-4ace? } /

Ar‘cSinh[ ],

Vd+ex 2cd-be+b%2e2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

(cdszde+ae2) -

d2-bd 2 _2cd+b
¢+ S erae | cdxdve | 41+2 bc?2cd?e
(d+ex)2 d+ex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(chfbefx/b2e274ace2) (d+ex)
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2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
r cd’-bde+ae?
E1lipt] E['A <i h 2cdber/bleraace } 2cd-be-+b2e2_-4ace? ]
ipticE|i ArcSin s
Vd+ex 2cd-be+Vb2e2-4ace?
2 _ cd*bdetae’
2cd-ben/b2e?dace?
E1lipticF [i ArcSinh| ]

Vd+ex

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be ,
- C+ + +1211b
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

Bc2de? |2cd-be++/b%?e?-4ace? 1-

(2cd—be—x/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE|i ArcSinh|

ﬁ B cd’-bderae?
2cd-be/b2e*-dace? 2cd-be-+b2e?-4ace?

1, | - EllipticF|i

Vd+ex 2cd-be++vb2e?-4ace?

/2 _ cd’-bde-+ae?
2cd-ben/b’e>dace? 2cd-be-+b2e?2-4ace? } /

Ar‘cSinh[ ],

Vd+ex 2cd-be+Vb%2e2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

Zﬁ(cdz—bdeJraez) -
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cd’-bde+ae? -2cd+be 3
C+ + +|351Ac’de

(d+exﬁ d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(2cd—be7\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?-4ace?

\/? _ cd’-bde+ae?
2cd-be-/b?e?-4ace? 2cd-be-+b2e2-4ace? } /

ArcSinh| ]s

Vd+ex 2cd-be++vb2e?-4ace?

/2 \/_ cd’-bde+ae?

cd?’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be - 5
C+ + -|91b“cCde

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(2cd—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd’-bde+ae?
2cd-be-/b2e>-d4ace? 2cd-be-+b2e?-4ace?

P | - EllipticF|i

Vd+ex 2cd-be++vVbZe?-4ace?
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\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

2\/7(cd2—bde+ae2) -

cd’-bde+ae? -2cd+be . 5
C+ + +(131ac°Cde

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
\/_ cd*-bde+ae?
Ellioti E['A o h 2cdbe/b’e?dace’ } 2cd-be-+b%2e2-4ace? ]
ipticE|i ArcSin s
Vd+ex 2cd-be+Vb2e?-4ace?
ﬁ _ cd’>-bde+ae’
2cd-be-+/b2e?-4ace?
EllipticF i ArcSinh]| ]

Vd+ex

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e?-4ace?

/ \E(Cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

1-

71ib%?Bced (2cd—be+x/b2e274ace2

(ch—be—\/b2e2—4ace2) (d+ex)
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2 (cdszde+ae2)

(chfbe+\/b2e274ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-/b?e*-4ace? 2cd-be-+/b%2e?2-4ace?

]s | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

[ \/ cd’-bde+ae?

ﬁ _ cd’-bde+ae?
2cd-be/b>e>-dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ];

Vd+ex 2cd-be++vb2e?-4ace?

cd?’-bde+ae?

2cd-be-+b%2e?-4ace?

\E(Cdz—bde+ae2) -

cd?’-bde+ae? -2cd+be . ) 3
C+ + - |351iAbc“e

(d+ex)? d+ex

2 (cd?’-bde+ae?
(2cd—be+x/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE[i ArcSinh|

ﬁ B cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

| | - EllipticF[i

Vd+ex 2cd-be+Vb2e2-4ace?

V2 _ cd’>bderae’
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?2-4ace? } /

ArcSinh | ]

Vd+ex 2cd-be++vb2e?-4ace?

cd’-bde+ae?

2cd-be-+b2e2_-4ace?

2\/7(cd2—bde+ae2) -
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cd’-bde+ae? -2cd+be . ) 3
C+ + -|21iaBc°e

(d+exf d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?-4ace?

/2 \/_ cd’-bde+ae?

\/? _ cd’-bde+ae?
2cd-be-/b?e?-4ace? 2cd-be-+b2e2-4ace? } /

ArcSinh| ]s

Vd+ex 2cd-be++vb2e?-4ace?

cd?’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be
c+ es : ~2i+2 bice?
(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

/ \/ cd’*-bde+ae?

2cdbe/b?e?4ace’ 2cd—be—\/b2e2—4ace2]

EllipticE|i ArcSinh| B

\d+ex 2cd-be+Vb%2e?-4ace?
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2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’>-bde+ae? -2cd+be ,
- C+ + + 1291
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (cd*’-bde+ae?
abcce®|2cd-be+/b?e?>-4ace? 1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
. 2(cd2—bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ cd’*-bde+ae?
2cd-be- b2e24ace2 2cd-be-+vVb2e2-4ace?

EllipticE[i ArcSinh| |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF[i ArcSinh| ]

\Vd+ex

2cd-be-+b%2e?-4ace? ]

/ 2+/2 (cd®>-bde+ae?)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex

2(cd2—bde+ae2)

2cdfbe7\/b2e274ace2> <d+ex)

2414/2 c3cd? |1-
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2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’*-bde+ae?
2cd-be/brerdace? 2cd-be-+/b%?e?-4ace?
EllipticF [i ArcSinh| ] }/
Vd+ex 2cd-be++vVbZe?-4ace?
cd?’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2>

(2cdfbe7\/b2e274ace2) (d+ex)

281+/2 Bcde |[1-

2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’-bde+ae?
2cd-be/brerdace? 2cd-be-+b2e?-4ace?
EllipticF [i ArcSinh| ] }/
Vd+ex 2cd-be++vVbZe?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

(2cd—be—x/b2e2—4ace2) (d+ex)

4i+/2 bc2cde |1-

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

V2 _ cd’>-bdetae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

EllipticF i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?
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cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

7ibBc%e? |1-

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
\/— cd®’-bderae?
2cd-be/bPe*aace’ 2cd-be-+/b2e?-4ace?
EllipticF[i ArcSinh] | }/
Vd+ex 2cd-be++Vb2e?2-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
\E - - C+ : + : +
2cd-be-+/b2e?2-4ace? (d+ex>2 d+ex

2 (cd*-bde+ae?)
(2cd—be—\/b2e2—4ace2) <d+ex)

351+/2 Ace? |1-

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bderae?
2cd-be- b292 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] | ] /
Vd+ex 2cd-be+Vb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b%2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

2cd—be—\/b2e2—4ace2) (d+ex)

2i+/2 b?cCe? |1-
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2(cd2—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2 ) <d+ex)
\/7 cd’*-bde+ae?
2cd-be- b2e24ace2 2cd—be—\/m
EllipticF [i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?

cd?’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

5i+2 ac?2Ce? |1-

2(cd2—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2 ) <d+ex)
\/7 cd’-bde+ae?
2cd-be/brerdace? 2cd-be-+b2e?-4ace?
EllipticF [i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?

cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e?2_4ace? (d+ex)2 drex

Problem 261: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.
J\/a+bx+cx2 (A+Bx+Cx?)

)3/2

dx
(d+ex

Optimal (type 4, 749leaves, 7 steps):
- ( [2 Vd+ex

c*d (24Cd*-5e (4Bd-3Ae)) +ce (ae (9Cd-5Be) -5b (5Cd*-4Bde+3Ae?)) +

bCe? (bdfae) +

1/

1/



Mathematica 11.3 Integration Test Results for 1.2.1.9 P(x) (d+e x)~m (a+b x+c x~2)"p.nb | 41

6 cCd?
3ce? |5Bcd+bCd-

rJa+bx+cx? /
e

2(Cd?>-e (Bd-Ae)) (a+bx+cx2)3’/2

e (cdszde+ae2) Vd+ex

—5Ace—aCe]x

(15ce3 (cdszde+ae2))

V2 /b?-4ac (2b*Ce’+ce (8bCd-5bBe-6aCe)-c? (48Cd>-10e (4Bd-3Ae)))

cla+bx+cx?
\Vd+ex - (+ . )
b2-4ac
Jbaac 2/b2-4ac e
E1lipticE[ArcSin| s - ] /
2 2cd7(b+\/m)e

+

d
15 c? e C( +ex) \Ja+bx+cx?
2cd—(

b+vb2-4ac ) e

2+/2 \/b*-4ac (bCe? (bd-ae)-2c*d (24Cd*-5e (4Bd-3Ae)) -

c(d+ex)

2cd—(b+\/b2—4ac)e

ce(2ae<9CdSBe)b(32Cd25e(SBd3Ae))))\l

b+y/b*-4ac +2cx

C(a+bX+CX2> Jb?-dac 2+b2-4ac e
- EllipticF[ArcSin] ]s - ] /
b>-4ac 2 2cd—(b+\/b2—4ac)e

(15c2e4x/d+ex \Ja+bx+cx?
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Result (type 4, 13240 leaves):
2(-9cCd+5Bce+bCe) 2Ccx 2(Cd’-Bde+Ae?)

Vd+ex a+x<b+cx) + - +
15c el 5 e? e3 (d+ex)
1
15ce®vVa+bx+cx?

a+x (b+cx) 2 (48c2Cd2—4OBczde—8bcCde+5bBce2+30Ac2e2—2b2Ce2+6acCe2)

cd? bde ae? 2cd be
(d+ex)3/2 [C+ - + - +

(d+ex)2 (d+ex)2 <d+ex)2 d+ex d+ex

/

<d+ex)2

c d? bde ae? 2cd be
2(d+ex) |c+ - + - + 12i+/2 3cd*
| ) (d+ex)2 (d+ex)2 (d+ex)2 drex d+rex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(chfbefx/b2e274ace2) (d+ex)

2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2 ) <d+ex)
\ﬁ cd*-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+/b%2e?-4ace?
E1lipticE [i ArcSinh| s ]

Vd+ex 2cd-be+Vb2e2_-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| )5

Vd+ex
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2cd-be-+b2e2-4ace? ]

/ (cd®>-bde+ae?)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be ,
- C+ + - l18i/2
2cd-be-+/b2e2_-4ace? (d+ex)2 d+ex

| 43

B e 2(cd2—bde+ae2)

2cd-be++/b2e?-4ace?

1-

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

1- EllipticE[i ArcSinh|
(2cd—be+\/b2e2—4ace2) (d+ex)
ﬁ \/ B cd’-bde+ae?
2cd-be-+/b2e?-4ace? 2cd-be-+/b%2e2_4ace?
|5 | - EllipticF[i
\Vd+ex 2cd-be+/b2e?2_4ace?
\/? \/ _ cd’-bde+ae?
2cd-be/b>e’4ace? 2cd-be-+b2e?-4ace?
ArcSinh| ] ] /
Vd+ex 2cd-be++/b%2e?-4ace?

cd’-bde+ae?

2cd-be-+b2e2_-4ace?

(cdz—bde+ae2) -

cd’-bde+ae? -2cd+be
c+ es i _l14iv2 bclcdle
(d+ex)2 d+ex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) (d+ex)

1-
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ﬁ B cd*-bde+ae?
2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2cd-be+Vb2e2-4ace?

/2 _ cd’-bde+ae?
2cdbe/b2e? dace’

E1lipticF [i ArcSinh| ]

\Vd+ex

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ (cdz—bde+ae2)

cd’-bde+ae? cd’>-bde+ae? -2cd+be ,
- C+ + +|451b
2cd-be-+vb2e?-4ace? (d+ex)? d+ex
2(cd’-bde+ae?
B c? d? e? 2cd—be+x/bzez—4ace2J 1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
2 (cd’-bde+ae?)
1- EllipticE|i ArcSinh|

(2cd—be+\/b2e2—4ace2) <d+ex)

\/7 B cd’-bderae?
2cd-be/b’e>-dace? 2cd-be-+b2e?-4ace?

|5 | - EllipticF[i

Vd+ex 2cd-be++vVb2e?-4ace?

\/? B cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+b%2e2_-4ace? } /

Ar‘cSinh[ ],

Vd+ex 2cd-be+b%2e2-4ace?

cd’-bde+ae?

zﬁ(cdszdeJraez) -
2cd-be-+/b%2e?2-4ace?
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cd’-bde+ae? -2cd+be 3o
C+ + +|151Ac’d°e

(d+exﬁ d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(2cd—be7\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?-4ace?

\/? _ cd’-bde+ae?
2cd-be-/b?e?-4ace? 2cd-be-+b2e2-4ace? } /

ArcSinh| ]s

Vd+ex 2cd-be++vb2e?-4ace?

/2 \/_ cd’-bde+ae?

cd?’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be - _—
C+ + +(31b“cCde

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(2cd—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd’-bde+ae?
2cd-be-/b2e>-d4ace? 2cd-be-+b2e?-4ace?

P | - EllipticF|i

Vd+ex 2cd-be++vVbZe?-4ace?
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\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be T
C+ + +|271ac Cde

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd’-bde+ae?
2cd-be-r/b2e*-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/? B cd’-bde+ae?
2cd-be-~/b2e?-4ace? 2cd7be—\/m} /

Ar‘cSinh[ ]:

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

ﬁ(cdszdeJraez) -

cd’-bde+ae? -2cd+be - 3
C+ + - |51b°Bcde

(d+ex)2 d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)
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2 (cdz—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)

1-

E1lipticE[i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-~/b*e*-4ace? 2cd-be-+/b%2e?2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vbZe?-4ace?

ﬁ B cd®*-bde+ae?
2cd-be/b’e? dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ]:

Vd+ex 2cd-be++vVb2e?2-4ace?

cd’-bde+ae?

2cd-be-+b%2e?-4ace?

Z\E(cdz—bdeJraez) -

cd’-bde+ae? -2cd+be . )3
C+ + - |15iAbc“de

(d+exf d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+/b2e?2-4ace?

EllipticE|i ArcSinh| B ] -

Vd+ex 2cd-be++/b2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

Vd+ex

EllipticF[i ArcSinh|

s

2cd-be-+/b%2e?2-4ace? ]

/ \E(CdszdeJraez)
2cd-be+/b%2e?-4ace?



48 | Mathematica 11.3 Integration Test Results for 1.2.1.9 P(x) (d+e x)~"m (a+b x+c x~2)"p.nb

cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2cd-be++/b2e?-4ace?

101+/2 aBc?de?

2 (cdz—bde+ae2)

(2cd—be—x/b2e2—4ace2) <d+ex)

1-

L 2(cd2—bde+ae2)

\ (2cd—be+\/b2e2—4ace2><d+ex)

\E _ cd*-bde+ae?
[ 2cd-be/b2e?-4ace? } 2cdfbe7\/b2e274ace2]
J

vVd+ex 2cd-be+Vb2e2_4ace?

EllipticE|i ArcSinh

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

EllipticF[i ArcSinh | ]

Vd+ex

2cd-be-+/b%2e?-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2_4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be

- C+ + +
2cd-be-+Vb?e?-4ace? (d+ex)? d+ex
2 (cd?’-bde+ae?
ib3Cde® |[2cd-be++/b>e?-4ace? 1- ( )
(2cd—be—\/b2e2—4ace2) (d+ex)
2 (cdz—bde+ae2)
1- EllipticE|i ArcSinh|

2cd—be+\/b2e2—4ace2> <d+ex)
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2cd-be/b’e>-dace? 2cd-be-+b2e?-4ace?

P | - EllipticF[i

Vd+ex 2cd-be++vVb2e?-4ace?

ﬁ \/_ cd’-bde+ae?

ﬁ _ cd’-bde+ae?
2cd-be-+/b2e?-4ace? 2cd,be,m} /

ArcSinh| 15

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?-4ace?

V2 (cd®*-bde+ae?) |-

cd’-bde+ae? -2cd+be . 3
C+ + -|7i1iabcCde

(d+ex)? d+ex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(2cdfbe7\/m) (d+ex)

2 (cdszde+ae2)

(2cd—be+\/m) <d+ex)

1-

EllipticE[i ArcSinh|

ﬁ _ cd’-bde+ae?
2cd-be/b>e’-dace? 2cd-be-+b%2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be+b%2e?2-4ace?

ﬁ B cd’-bde+ae?
2cd-be/b>e>-dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ];

Vd+ex 2cd-be++/b’e?-4ace?

cd’-bde+ae?

2cd-be-+/b’e?-4ace?

\E(cdz—bde+ae2) -

cd?’-bde+ae? -2cd+be . .
C+ + +|5iabBce

(d+ex)2 d+ex
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2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)
(chfbe+\/m) (d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-r/b?e’-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/7 B cd’-bde+ae?
2cd-be[b2erdace 2cdfbe7\/m} /

Ar‘cSinh[ ]:

Vd+ex 2cd-be+b*e?-4ace?

cd’-bde+ae?

2cd-be-+/b*e?-4ace?

22 (cd*-bde+ae?) |-

cd’-bde+ae? -2cd+be . -
C+ + +|15iaAc e

(d+ex)2 d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—be—m) (d+ex)

2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

1-

\ﬁ\/ cd’-bde+ae?

2cdben/b’e? 4ace’ 2cdfbe7\/b2e274acez]

EllipticE|i ArcSinh| B

Vd+ex 2cd-be+Vb2e2_4ace?

/2 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?

EllipticF[i ArcSinh | ]

Vd+ex
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2cd-be-+b2e2-4ace? ]

/ ﬁ(cdz—bde+ae2)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex

2 (cd’-bde+ae?
iab?Ce* 1- ( )

2cd-be++/b*e?-4ace?

(chfbef b2e274ace2) (d+ex)

2 (cdz—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ } 2cd-be-+/b%2e?-4ace?

N —

Vd+ex 2cd-be+Vb2e2_4ace?

EllipticE|i ArcSinh|

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+/b%2e?-4ace?
2cd-be+Vb2e2_4ace?

/ ﬁ(cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
chfbe—\/m (d+ex)2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

1-

3ia’cCe? (ch—beﬂlbzez—4ace2

2 (cdszde+ae2)
2cd—be+\/b2e274ace2) (d+ex)

1-
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2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace?

EllipticE[i ArcSinh] |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/2 \/ cd’-bde+ae?

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ \E(Cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

(ch—befx/bzezfllacez) <d+ex)

2414/2 c3cd® |1-

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e dace’ 2cd-be- b2e2—4ace2}/

EllipticF[i ArcSinh| ]

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -

2cd-be-+b%e?-4ace? (d+ex)? d+ex

2(cd27bde+ae2)

(chfbef\/b2e274ace2) (d+ex)

201+/2 Bc3d?e |1-

2(cd2—bde+ae2)
2cdfbe+\/b2e274ace2) <d+ex)

1-
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[2 \/ cd’-bde+ae’

2cd-be-y/b2e?-4ace? 2cd-be-+/b%2e?-4ace?
EllipticF i ArcSinh| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

1612 bc?Cd?e |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’*-bde+ae?
2cd-be/bPeldace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb%2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)
(ch—be—\/b2e2—4ace2) (d+ex)

25ibBc’*de? |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’-bderae?
2cd-be- b2e24ace2 2cd-be-+b2e2_43ce?
EllipticF i ArcSinh]| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
N i C+ : + ! +

2cd-be-+b2e2_4ace? (d+ex>2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

1512 Ac®de? |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bde+ae?
2cd-be- bze2 4ace? 2Cd—be—\/m
EllipticF[i ArcSinh] |s ] /
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+Vb%?e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

ib’cCde? |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2)<d+ex)
\/— cd®*-bde+ae?
2cd-be/bre*dace’ 2cd-be-+/b%?e?2-4ace?
EllipticF[i ArcSinh] | }/
Vd+ex 2cd-be+vVb2e?-4ace?
Nl B cd’-bde+ae? c+cd27bde+ae2+72cd+be N
2cd-be-+/b2e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

9i+2 ac?Cde? [1-

2 (cdszde+ae2)

2cdfbe+\/b2e274ace2) (d+ex)

1-
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ﬁ B cd’-bde+ae?
2cd—be—m] 2cd—be—\/b2e2—4ace2}/

EllipticF i ArcSinh| s

Vd+ex 2cd-be++vVb2e?-4ace?

cd’-bde+ae? cd?’-bde+ae? -2cd+be
C+ + -

2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

15iAbc?e® |1-

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

r cd’*-bde+ae?
2cdbe/b’e>4ace? ] 2cd—be—\/b2e2—4ace2}/

EllipticF i ArcSinh| s

Vd+ex 2cd-be++vVb2e?-4ace?

cd’-bde+ae? cd?’-bde+ae? -2cd+be

\/7 - C + + _
2cd-be-+b%2e2-4ace? <d+ex>2 d+ex

2(cd2—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

5i+2 aBc2e® |[1-

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

/ cd’-bderae?
2cd-be/b’e4ace’ ] 2cd—be—\/b2e2—4ace2}/

EllipticF i ArcSinh]| s

Vd+ex 2cd-be++vVb2e?-4ace?

cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + +

2cd-be-+b2e2_4ace? (d+ex)2 d+ex




56 | Mathematica 11.3 Integration Test Results for 1.2.1.9 P(x) (d+e x)~"m (a+b x+c x~2)"p.nb

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

iabccCe® |1-

2 (cdszde+ae2)

1-
(2cd-be-VbTe?-dace? | (drex]
\/— cd’-bde+ae?
. . . . 2cd-be- bzez4ace 2cd—be—\/m
EllipticF [11 Arc51nh ]; } /

Vd+ex 2cd-be+vVb2e2-4ace?

d>-bde+ae? d>-bde+ae? -2cd+be
\E B C + c+C + N cda+
2cd-be-+b%e?-4ace? (d+ex)? d+ex

Problem 262: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/aerx+cx2 (A+Bx+Cx2)

(d+ex)5/2

dx

Optimal (type 4, 712leaves, 7 steps):

_(2

e (bd—ae) (7Cd—BBe) -cd(8cd’-e (4Bd—Ae)) +

x| v/a+bx+cx? /

2(Cd>-e (Bd-Ae)) (a+bx+cx?)??
- +
3e (cd’-bde+ae?) (d+ex)3/2

2 cCd?

Bcd+bCd- -Ace-acCe

e

(Be3 (cdz—bde+ae2) \/d+ex)

+

2 cCd?
\/_\/ -4ac [ (4cd——) [Bcd+de— -Ace-acCe
2

e

C (a+bx+cx2)

b2-4ac

c (bd (Cd—Be)+e(Acd—aCd+aBe)))\/d+ex \/—
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bi/b2-4ac +2cx
Vb*-4ac 2vVb2-4ac e ] /

EllipticE [ArcSin| ]s -

V2 2cd—(b+\/m)e

d
3ce3(cd27bde+ae2) C( +ex) Ja+rbx+cox? | -
2cd7(b+x/b274ac)e

22 +/b2-4ac (e (8de—3bBe—2aCe) -2c (Scdz—e (4Bd—Ae)>)

b+y/b*-4ac +2cx
c(d+ex) \/ c (a+bx+cx?) \b?-4ac

EllipticF [Ar‘cSin [ } ,

b2-4ac NEY

2cd—(b+\/b2—4ac)e

2+/b2-4
- ac e ] /[3ce4\/d+ex x/a+bx+cx2)
2cd- b+\/b274ac)e

Result (type 4, 8456 leaves):

2 (cd?2-Bd A e?
vVd+ex a+x(b+cx) 2¢ ( et e)

3e3 3e3 (d+ex)2

(2(-8cCd®+5Bcd’e+7bCd’e-4bBde’-2Acde*-6aCde’+Abe’+3aBe?)) /

(3¢’ (cd*-bde+ae?) (d+ex))

1

3e° (cdszde+ae2) Vva+bx+cx?

2./a+x (b+cx)

(16c2Cd3—SBcdee—16bch2e+7bBcde2+2Ac2de2+b2Cde2+14ache2—

| 57
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cd? bde ae?
Abce’-6aBce’-abCe?) (d+ex)3/2 {c+ - + -

(d+ex)2 (dJrex)2 <d+ex)2

(d+ex)2 C(71+ d )2+eb7

c d? bde ae? 2cd be
C+ - + - + 4]1\/7c2Cd3

(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex

2 (cd?’-bde+ae?
(2cd—be+x/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdszde+ae2)
(chfbe+\/b2e274ace2) (d+ex)

1-

/ J cd’-bde+ae?

2cd-be- bze ~4ace? 2cd-be-+/b2e?2-4ace? ]

EllipticE[i ArcSinh| |s

Vd+ex 2cd-be++/b2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

E1lipticF[i ArcSinh | ]

\Vd+ex

2cd-be-+b%2e?-4ace? ]
2cd-be++/b2e?2-4ace?

/ (cdz—bde+ae2)

cd?’-bde+ae? cd’-bde+ae? -2cd+be

B C+ + - 212
2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex
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2 (cdz—bde+ae2)

(2cd—be—x/b2e2—4ace2) (d+ex)

Bc?2d?e |2cd-be++/b%?e?-4ace? 1-

2 (cd*-bde+ae?)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
/ cd®*-bde+ae?
S~ E['A o h 2cdbe/b’e>dace’ } 2cd-be-+b2e2-4ace? ]
ipticE|i ArcSin s -
Vd+ex 2cd-be+Vb%2e?-4ace?
\/? _ cd’-bde+ae?
2cd-be-+/b2e?-4ace?
EllipticF i ArcSinh]| ]

Vd+ex

2cd-be-+b%2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd’>-bde+ae? -2cd+be ]
- C+ + - 41\/?
2cd-be-+vb%e?-4ace? (d+ex)? d+ex
2 (cd?’-bde+ae?
bcCd?e|2cd-be+/b?e?>-4ace? 1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
L 2(cd27bde+ae2)

(chfbe+\/b2e274ace2) (d+ex)

/ cd*-bde+ae?
2cd-be/ble? dace? 2cd-be-+b2e2_4ace?

EllipticE[i ArcSinh| B ] -

Vd+ex 2cd-be++/b2e?2-4ace?

/2 B cd’-bde+ae?
2cd-be-+/b%e’-4ace?

\Vd+ex

EllipticF[i ArcSinh]

s
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2cd-be-+b2e2-4ace? ]

/ (cd®>-bde+ae?)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be .
- C+ + + |71
2cd-be-+b2e2_-4ace? (d+ex)2 d+ex
2 (cd?’-bde+ae?
bBcde? |[2cd-be++/b*e?-4ace? 1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
1 2(cd2—bde+ae2)

(2cd—be+x/b2e2—4ace2) <d+ex)

/ cd*-bde+ae?
2cdbe/ble? dace? 2cd-be-+/b2e?2-4ace? ]

EllipticE|i ArcSinh| B

Vd+ex 2cd-be++/b2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e*-4ace?

Vd+ex

EllipticF[i ArcSinh]

s

2cd-be-+/b%2e?2-4ace? ]

/ 22 (cdz—bde+ae2)
2cd-be++/b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+Vb%e?-4ace? (d+ex)? drex
2 (cd’-bde+ae?
iAc’de? |[2cd-be++/b*e?-4ace? 1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
L 2 (cd*-bde+ae?)

2cd—be+\/b2e2—4ace2> (d+ex)
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2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace?

EllipticE[i ArcSinh] |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/2 \/ cd’-bde+ae?

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ \E(Cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2(cd27bde+ae2)

(ch—befx/b2e274ace2) (d+ex)

ib?Cde? [2cd-be++/b2e?-4ace? 1-

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1- EllipticE[i ArcSinh|

\/7 _ cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-vVb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be++Vb2e2-4ace?

\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?2-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e?-4ace?

2\/7(cd2—bde+ae2) -

cd’-bde+ae? -2cd+be _ 5
C+ + +|71acCde

(d+ex)2 d+ex
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2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
/ cd®*-bde+ae?
S~ E['A o h 2cdbe/b’e>dace’ } 2cd-be-+b2e2-4ace? ]
ipticE|i ArcSin s
Vd+ex 2cd-be+Vb%2e?-4ace?
\/? _ cd’-bde+ae?
2cd-be-+/b2e?-4ace?
EllipticF i ArcSinh]| ]

Vd+ex

2cd-be-+b%2e2-4ace? ]

/ \E(Cdz—bde+ae2)
2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + -
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex
2 (cd’-bde+ae?
iAbce3|2cd-be++/b?e®>-4ace? 1- ( >
(ch—be—\/b2e2—4ace2) (d+ex>
L 2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

/ \/ cd’-bde+ae?

2cdben/b’e? 4ace’ 2cdfbe7\/b2e274acez]

EllipticE|i ArcSinh| B

Vd+ex 2cd-be+Vb2e2_4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

EllipticF[i ArcSinh | ]

Vd+ex
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2cd-be-+b2e2-4ace?
2cd-be+Vb%2e?-4ace?

] / 22 (cd*-bde+ae?)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex
2 (cd®’-bde+ae?
3iaBce’|2cd-be++/b*e?-4ace? 1- ( )
(chfbef b2e274ace2)(d+ex)
L 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ } 2cd-be-+/b%2e?-4ace?

N —

Vd+ex 2cd-be+Vb2e2_4ace?

EllipticE|i ArcSinh|

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+/b%2e?-4ace?
2cd-be+Vb2e2_4ace?

/ ﬁ(cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
chfbe—\/m (d+ex)2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

2cd-be++/b%>e?-4ace?

iabcel 1-

2 (cdszde+ae2)
2cd—be+\/b2e274ace2) (d+ex)

1-
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2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace?

EllipticE[i ArcSinh] |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/2 \/ cd’-bde+ae?

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ 242 (cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

(chfbe—\/b2e2—4ace2) (d+ex)

81+/2 c*Cd? |1-

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e dace’ 2cd-be- b2e2—4ace2}/

EllipticF[i ArcSinh| ]

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -

2cd-be-+b%e?-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

(chfbef\/b2e274ace2) (d+ex)

41+/2 Bc*de |[1-

2(cd2—bde+ae2)
2cdfbe+\/b2e274ace2) <d+ex)

1-
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[2 \/ cd’-bde+ae’

2cd-be-y/b2e?-4ace? 2cd-be-+/b%2e?-4ace?
EllipticF i ArcSinh| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

4i+/2 bcCde |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’*-bde+ae?
2cd-be/bPeldace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb%2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)
(ch—be—\/b2e2—4ace2) (d+ex)

3ibBce? |[1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’-bderae?
2cd-be- b2e24ace2 2cd-be-+b2e2_43ce?
EllipticF i ArcSinh]| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
N i C+ : + ! +

2cd-be-+b2e2_4ace? (d+ex>2 d+ex
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2 (cd*-bde+ae?)

iv2 Ace? |1-
(ch—be—\/b2e2—4ace2) (d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ \/ cd’-bde+ae?

2cd-be/b2erdace? 2cd-be-+b2e?-4ace?
EllipticF[i ArcSinh] |s ] /
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

iv2 acce? |1-

2 (cdszde+ae2)

1-
(2cd-be-Vb7el-aace? | (d-ex]
\/— cd®*-bde+ae?
2cd-be- bze -4ace? 2cd7be—\/m
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd—be+m
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

Problem 263: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

Jx/a+bx+cx2 (A+Bx+Cx2)

(d+ex)7/2

dx
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Optimal (type 4, 992 leaves, 7 steps):
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1

- 2 (c*d®(24Cd*-e (4Bd+Ae)) +
15 e3 (cdz—bde+ae2)2 (d+ex)??
e? (15b*Cd*>+5a”e® (Cd+Be) -abe (22Cd*+3Bde+2Ae?)) -
cde (bd (41Cd*-6Bde+Ae?) -ae (37Cd*-7Bde+7Ae*)) +e (5c*d?
(6Cd*-e (Bd+Ae)) +e* (15a°Ce’-5abe (8Cd-Be) +b®> (23Cd*-3Bde-2Ae?)) -

ce(5bd (11Cd?>-2Bde-Ae?) -ae (53Cd*-13Bde+3Ae?))) x)\Ja+bx+cx? -

2(Cd2-e (Bd-A b 2)3/2
( e( e)) (a+ X+CX) + V2 A/b%-4ac (2c2d2 (24Cd2—e(4Bd+Ae))+

5e(cd’-bde+ae?) (d+ex)5/2

e? (BOaZCeZ—Sabe (14Cd—Be) +b? (38Cd2—3Bde—2Ae2)> -
ce(bd(88Cd*-13Bde-2Ae®) -2ae (43Cd*-8Bde+3Ae’))) Vd+ex

b+y/b*-4ac +2cx

c(a+bx+cx2) b*-dac 2vVb2-4ac e
- EllipticE [ArcSin| ], - ] /
b2-4ac V2 2cd—(b+\/b2—4ac)e

d
15e4(cd2bde+ae2>2J c (drex) \Ja+bx+cx?

2cd—(b+\/b2—4ac)e

2+/2 \/b*-4ac (15bCe? (bd-ae)+2c?d (24Cd?-e (4Bd+Ae)) +

c (d+ex)

2cd—(b+\/b2—4ac)e

ce(leae (SCd—Be) -b (64Cd29BdeAe2)))J

b/ b2-4ac +2cx

¢ (a+bx+cx?) Vb?-4ac 2+/b2-4ac e
- EllipticF [ArcSin| ]s - ] /
b2 -4ac V2 2cd—(b+\/m)e

(15ce4 (cdszde+ae2) Vd+ex \Ja+bx+cx?
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Result (type 4, 12997 leaves):

2 (Cd’-Bde+Aeg?
\/d+ex1/a+x(b+cx) - ( et e)_

5e3 (d+ex)3

(2 (—12ch3+7Bcd2e+11de2e—6dee2—2Acde2—10aCde2+Abe3+5aBe3))/

(15e3 (cd®>-bde+ae?) (d+ex)2) -

(2 (33c2Cd4—8Bc2d3e—58bcCd3e+13bBcdzez—ZAc2d2e2+23b2Cd2e2+
56acCd?e?-3b?2Bde?+2Abcde®-16aBcde®-40abCde®-2ADb%e*+

5abBe“Jr6aAce4+15a2Ce4))/(15e3 (cdszdeJraez)2 (d+ex>) -

1

15 e (cdz—bde+ae2)2\/a+bx+cx2

2 a+x(b+cx)

(—48czcd4+8Bc2d3e+88bch3e—13bBcd2e2+2Ac2d2e2—38bzcd2e2—86ach2e2+

3b2Bde’-2Abcde*+16aBcde’>+70abCde3+2Ab%e*-5abBe*-6aAce*-

2 2
36a2Ce*) (d+ex)?? {c+ cd __bde = ae _2cd | be J/
(d+ex>2 (d+ex)2 (d+ex)2 drex d+ex
2 eb—£+i
(d+ex>2(c (—1+d+ix) + b J .
3 +
e bd

d+ex

2 d \2 e‘;b a~ex'::xJ
(d+e x) [c (—1+ ) e

eZ

2 2
(cd*-bde+ae?) (d+ex) [c+ cd _bde | ae _2cd  be

(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex

121i+/2 c2cd? (2cd—be+x/b2e2—4ace2

2(cd2—bde+ae2)

1-
2cd-be-+/b2e?-4ace? d+ex
\ < )

L 2(cd2—bde+ae2)

\ (2cd—be+\/b2e2—4ace2)<d+ex)
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ﬁ B cd*-bde+ae?
2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2cd-be+Vb2e2-4ace?

2cd-be/b2e-dace?

E1lipticF [i ArcSinh| ]

\Vd+ex

\/? \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ (cdz—bde+ae2)

cd’-bde+ae? cd’>-bde+ae? -2cd+be ]
- C+ + -121+/2
2cd-be-+/b2e2_-4ace? (dJrex)2 d+ex

2 (cd*-bde+ae?)

Bc?2d®e |2cd-be++/b%?e?-4ace? 1-

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
/ cd*-bde+ae?
Ellipti E['A S h 2cd-be/bPerdace? } 2cd-be-+b%2e?-4ace? ]
ipticE|i ArcSin s
Vd+ex 2cd-be+Vb2e2-4ace?
\/7 B cd®’-bderae?
2cd-be-+/b%e?-4ace?
E1lipticF[i ArcSinh| s

\Vd+ex

2cd-be-+b%2e?-4ace? ]

/ (cd*>-bde+ae?)
2cd-be+Vb2e2-4ace?
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cd’-bde+ae? cd’-bde+ae? -2cd+be ,
- C+ + - 22]1\/7
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex
2 (cd’-bde+ae?
bccd®e|2cd-be++/b?e?>-4ace? 1- ( )
(chfbefx/b2e274ace2) (d+ex)
L 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

r cd’-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+b2e2_4ace?

EllipticE|i ArcSinh| | ] -

Vd+ex 2cd-be+Vb2e2_-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be .
- C+ + +1131b
2cd-be-+b2e?-4ace? (d+ex)? d+ex

2 (cdz—bde+ae2)
(2cd—be—x/b2e2—4ace2) (d+ex)

Bcd?e? [2cd-be++/b%>e?-4ace? 1-

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

\/? B cd’*-bde+ae?
2cd-be-\/b2e?-4ace’ 2cd-be-+/b2e2-4ace?

EllipticE[i ArcSinh| B ] -

\d+ex 2cd-be+Vb%2e?-4ace?
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2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]

/ 242 (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be

- C+ + -
2cd-be-+/b%2e2-4ace? (d+ex)2 d+ex
2 (cd?’-bde+ae?
iAc?d’e? [2cd-be++/b?2e?-4ace? 1- < )
(chfbe—\/b2e274ace2) (d+ex)
2 (cd*-bde+ae?)
1- EllipticE[i ArcSinh|

(2cd—be+\/b2e2—4ace2) <d+ex)

\/7 _ cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++Vb2e2-4ace?

2 _ cd’>-bdetae’
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?2-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vb2e?-4ace?

cd?’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be o
C+ + + (191 b°Cd e

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)
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2 (cdz—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)

1-

E1lipticE[i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-~/b*e*-4ace? 2cd-be-+/b%2e?2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vbZe?-4ace?

ﬁ B cd®*-bde+ae?
2cd-be/b’e? dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ]:

Vd+ex 2cd-be++vVb2e?2-4ace?

cd’-bde+ae?

2cd-be-+b%2e?-4ace?

\E(Cdz—bdeJraez) -

cd’-bde+ae? -2cd+be . ) 2
C+ + +|43iacCd e

(d+exf d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+/b2e?2-4ace?

EllipticE|i ArcSinh| B ] -

Vd+ex 2cd-be++/b2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

Vd+ex

EllipticF[i ArcSinh|

s

2cd-be-+/b%2e?2-4ace? ]

/ \E(CdszdeJraez)
2cd-be+/b%2e?-4ace?
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cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

L 2(cd2—bde+ae2)

3ib?2Bde? (ch—beﬂlbzez—4ace2

(ch—bef\/b2e274ace2) (d+ex)

2 (cdz—bde+ae2)

1,
(2cd—be+\/m) <d+ex)
\/— cd’-bde+ae?
2cd-be- bze -4ace? 2cd7be—\/m
E1LlipticE[i ArcSinh| B ]

Vd+ex 2cd-be++/b2e?2-4ace?

2cd-be-+/b%e’-4ace?
\Vd+ex

/2 \/_ cd’-bde+ae?

EllipticF[i ArcSinh]

s

2cd-be-+/b2e?2-4ace? ]

/ 2+/2 (cdz—bde+ae2)
2cd-be++/b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be

- C+ + +
2cd-be-+vb%2e2-4ace? (d+ex)2 d+ex
2 (cd*’-bde+ae?
iAbcde3 |2cd-be++/b?e?-4ace? 1- ( )
(ch—be—\/b2e2—4ace2> (d+ex)
2 (cdz—bde+ae2)
1- EllipticE[i ArcSinh|

(chfbe+\/b2e274ace2) <d+ex)

\/? _ cd’-bde+ae?
2cd-be-r/b2e>-dace? 2cd-be-+b2e2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vbZe?-4ace?
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\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be
c+ + -|41+2 aBcde?

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
\/_ cd*-bde+ae?
Ellioti E['A o h 2cdbe/b’e?dace’ } 2cd-be-+b%2e2-4ace? ]
ipticE|i ArcSin , -
Vd+ex 2cd-be+Vb2e?-4ace?
ﬁ _ cd’>-bde+ae’
2cd-be-+/b2e?-4ace?
EllipticF i ArcSinh]| ]

Vd+ex

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e?-4ace?

/ (cdz—bde+ae2)

cd’-bde+ae? cd?’-bde+ae? -2cd+be ,
- C+ + - |351
2cd-be-+/b2e2_-4ace? (dJrex)2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

2cd-be++/b>e?-4ace?

abcde? 1-
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2 (cdz—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

r cd’-bde+ae?
2cdbe/b’e? 4ace’ } 2cd-be-+b2e2_-4ace?

EllipticE[i ArcSinh|

)

Vd+ex 2cd-be+Vb2e2-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ \/7<cd2—bde+ae2)

cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)
(ch—befx/bzezfélacez) (d+ex)

i Ab%e*

2cd-be++/b2e?-4ace?

1-

2 (cdz—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)

1-

/ cd*-bde+ae?
2cdbe/ble? dace? } 2cd-be- b2e274ace2]

EllipticE|i ArcSinh|

3

Vd+ex 2cd-be++/b%2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

Vd+ex

EllipticF[i ArcSinh]

s

2cd-be-+/b%2e?2-4ace? ]

/ \E(Cdz—bdeJraez)
2cd-be++/b2e?2-4ace?
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cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b%2e2-4ace? (d+ex)2 d+ex
2 (cdz—bde+ae2)
5iabBe*|2cd-be++/b%e?-4ace? 1-
(ch—befx/bzezfélacez) (d+ex)
. 2(cd2—bde+ae2)

(2cd—be+x/b2e2—4ace2) <d+ex)

/ cd*-bde+ae?
2cdbe/ble? dace? 2cd-be-+/b2e2-4ace?

EllipticE[i ArcSinh| B ] -

Vd+ex 2cd-be++/b2e?2-4ace?

2cd-be-+/b%e’-4ace?
\Vd+ex

/2 \/_ cd’-bde+ae?

EllipticF[i ArcSinh]

s

2cd-be-+/b2e?2-4ace? ]

/ 2+/2 (cdz—bde+ae2)
2cd-be++/b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+Vb%e?-4ace? (d+ex)? d+ex
2 (cd*’-bde+ae?
3iaAce*|2cd-be++/b*e?-4ace? 1- ( )
(ch—be—\/b2e2—4ace2> (d+ex)
L 2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

/ cd’-bde+ae?
2cdbe/b?e>4ace’ 2cd-be-+b%2e2-4ace?

EllipticE[i ArcSinh] |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?
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[ _ cd’-bde+ae?
2cd-be-/b2e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+b2e2-4ace? ]

/ \E(Cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b%e2-4ace? (d+ex)? d+ex
2 (cd’-bde+ae?
151 a’Ce* |2cd-be++/b*e?-4ace? 1- ( )
(ch—befx/b2e274ace2) (d+ex)
1 2(cd2—bde+ae2)

(chfbe+\/b2e274ace2> <d+ex)

/ cd*-bde+ae?
2cdben/b’e? 4ace’ } 2cd-be- b2e2—4ace2]

)

Vd+ex 2cd-be+/b2e?2-4ace?

EllipticE|i ArcSinh|

/2 _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd—be—\/m]

/ \E(CdszdeJraez)
2cd-be+/b%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)
2cd—be—\/b2e2—4ace2) <d+ex)

241+/2 c*cd® |1-
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2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’*-bde+ae?
2cd-be/brerdace? 2cd-be-+/b%?e?-4ace?
EllipticF [i ArcSinh| ] }/
Vd+ex 2cd-be++vVbZe?-4ace?
cd?’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

4142 Bc?>d?*e |1-

2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’-bde+ae?
2cd-be- b2e24ace2 2cd—be—\/m
EllipticF [i ArcSinh| ] ] /
Vd+ex 2cd-be++vVbZe?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)

(ch—be—\/b2e2—4ace2) <d+ex)

32142 bcCd?e |1-

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

V2 _ cd’>-bdetae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

EllipticF i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?
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cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

9ibBcde? |[1-

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
\/— cd®’-bderae?
2cd-be/b?erdace? 2cd-be-+b2e?-4ace?
EllipticF[i ArcSinh] | }/
Vd+ex 2cd-be++Vb2e?2-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
V2o - ! C+ * + * -
2cd-be-+/b2e?2-4ace? (d+ex>2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

ivV2 Actde? |1-

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bderae?
2cd-be- b292 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] | ] /
Vd+ex 2cd-be+Vb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b%2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

2cd—be—\/b2e2—4ace2) (d+ex)

151b?Cde? |1-
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2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’*-bde+ae?
2cd-be- b2e24ace2 2cd—be—\/m
EllipticF [i ArcSinh| ] }/
Vd+ex 2cd-be++vVbZe?-4ace?
cd?’-bde+ae? cd?’-bde+ae? -2cd+be
\/7 - : C+ - + : +
2cd-be-+vb2e2-4ace? (d+ex>2 d+ex

2(cd2—bde+ae2)

(chfbefx/b2e274ace2) <d+ex)

2514/2 acCde? |1-

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/7 cd’-bde+ae?
2cdbe/b’e dace? ] 2cd—be—\/b2e2—4ace2}/

EllipticF [i ArcSinh|

Vdrex 2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)
iAbced |1-
(2cd—be—x/b2e2—4ace2)(d+ex)

1 2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

V2 _ cd’>-bdetae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

EllipticF i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?
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cd’-bde+ae? cd?’-bde+ae? -2cd+be
V2o - * C+ * + * -
2cd-be-+b2e2_4ace? (d+ex>2 d+ex
2 (cd*-bde+ae?
5i+2 aBce® |1- < )
(ch—be—\/b2e2—4ace2) (d+ex)
. Z(Cdz—bde+ae2)
(2cd—be+\/b2e2—4ace2)(d+ex)
\/— cd®’-bderae?
2cd-be/b?erdace? 2cd-be-+b2e?-4ace?
EllipticF[i ArcSinh] |
Vd+ex 2cd-be++Vb2e?2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
2cd-be-+b2e2_4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

15iabCe® |1-

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2)(d+ex)
\/— cd®’-bderae?
2cd-be/bPerdace? 2cd-be-+b2e?-4ace?
EllipticF[i ArcSinh] |
Vd+ex 2cd-be+Vb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
V2| - * C+ * + ’
2cd-be-+b2e2-4ace? (d+ex)? d+ex

Problem 264: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

1/

1/
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dx

J\/a+bx+cx2 (A+BX+CX2)
(d+ex)9/2
Optimal (type 4, 1363 leaves, 8 steps):

1

105 e3 (cdz—bde+ae2)3\/m
be® (35a°Ce’-14abe (3Cd+Be) +b* (15Cd*+6Bde+8Ae?)) +
c>de (2ae (69Cd*>+e (15Bd-29Ae)) -bd (128Cd*+e (19Bd+9Ae))) +
ce? (14a”e® (11Cd-3Be) -abe (237Cd*+e (Bd-29Ae)) +

b*d (163Cd*+e (9Bd+19Ae))))Ja+bx+cx® -

1

105e3 (cd?-bde+ae?)? (d+ex)”?
e’ (7a*e® (Cd-3Be) -b*d (15Cd*+6Bde+8Ae*) +abe (12Cd*+23Bde+12Ae?)) -
cde (bd (43Cd*+6Bde+15Ae*) -ae (33Cd*+9Bde+19Ae?)) +
e(7c*d* (6Cd*+e (Bd-3Ae)) +
e’ (35a*Ce®’-7abe (12Cd-Be) +b*> (45Cd*-3Bde-4Ae?)) +
ce(ae(93Cd’-9Bde-5Ae?) -b (91Cd>-21Ade?))) x|

miz(CdZ_e(Bd—Ae)) (a+bx+cX2>3/27

7e (cd?-bde+ae?) (d+ex)7/2

2 (2¢d? (24c:c|2+e (4Bd+3Ae)) -

2 (c?d® (24Cd*+e (4Bd+3Ae)) -

1

105e4(cd2—bde+ae2>3 ¢ (drex) Vva+bx+cx?
2cd—(b+xlb2—4ac J e

V2 \/b?-4ac (2c*d® (24Cd*+e (4Bd+3Ae)) -
be® (35a°Ce’-14abe (3Cd+Be) +b* (15Cd*+6Bde+8Ae?)) +
c>de (2ae (69Cd*+e (15Bd-29Ae)) -bd (128Cd*+e (19Bd+9Ae])) +
ce’ (14a’e? (11Cd-3Be) -abe (237Cd*+e (Bd-29Ae)) +

C (a+bx+cx2)

b>d (163Cd*+e (9Bd+19Ae)))) Vd+ex \/

b2-4ac
b+/b2-4ac +2cx
.. . Vb*-4ac 2+/b%2-4ac e
EllipticE [ArcSin| ]s - |+
V2 2cd—(b+\/b2—4ac)e

1

105 e* (cdz—bde+ae2>2\/d+ex va+rbx+cx?

2+/2 \/b?-4ac (2c2d® (24Cd>+e (4Bd+3Ae)) +
ce(2ae(51Cd*+e (12Bd-5Ae)) -bd (104Cd*+3e (5Bd+2Ae))) +
e? (70a2Ce2—7abe (18Cd+Be> + b2 (6@Cd2+e (3Bd+4Ae))))
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c (d+ex) c (a+bx+cx?)
2cd—(b+\/b2—4ac)e b2-4ac

b+y/b*-4ac +2cx
Vbi-dac 2/b2-4ac e
EllipticF[Ar‘cSin[ y - ]
V2 2cd7(b+\/b274ac)e

Result (type 4, 19853 leaves):
2 (Cd*-Bde+Ae?)

Vd+ex jJa+x (b+cx) |- -

7 e3 (d+ex)4

(2 (—16ch3+9Bcd2e+15de2e—8dee2—2Acde2—14aCde2+Abe3+7aBe3))/

(3593 (cd®>-bde+ae?) (d+ex)3) -

(2 (57c*Cd*-8Bc*d’e-106bcCd’e+15bBcd*e*-6Ac*d’e®+45b>Cd* e +
108acCd?e?-3b?Bde*+6Abcde*-24aBcde®*-84abCde®-
4Ab2e4+7abBe4+10aAce4+35a2Ce4))/

1

(105e3 (cdszdeJraez)2 (d+ex)2) -
105 e3 (cdszde+ae2)3 (d+ex)

2 (-48c*Cd>-8Bc’d*e+128bc?Cd*e+19bBc’>d’e’-6Ac’d’e®-103b>cCd’e® -
138ac?Cd®e?-9b%Bcd?e?+9Abc?>d*e?-30aBc?d?e3+15b3Cd?e3+
237abcCd’e®+6b>Bde*-19Ab%>cde*+abBcde*+58aAc’de*-42ab?Cde* -

154a2che4+8Ab3e5—14abZBe5—29aAbce5+42aZBce5+35a2bCe5) -

1

105 e° (c:dz—bde+ae2>3\/a+bx+cx2

2¢ a+x(b+cx)

(d+e x)?

d+ex d+ex

bd ae
b-
C(71+ d )2+E‘\ maxﬂme}

eZ

(48C3Cd5+SBc3d4e—128bc2Cd4e—19bBc2d3e2+6Ac3d3e2+103b2ch3e2+
138ac’Cd®e?+9b?Bcd?e*-9Abc?d?’e®+30aBc?d?e®-15b3Cd?e3-
237abcCd’e®-6b>Bde*+19Ab%cde*-abBcde*-58aAc’de*+42ab’>Cde*+
154a2che4—8Ab3e5+14asze5+29aAbce5—42aZBce5—35a2bCe5)

d? bd 2 2cd b
(d+ex)3/2 [C+ < - € + ae _=c + € -

(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex
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(cdszde+ae2) (d+ex)

(d+e x)

2

o lb.® RETH
C(71+ d )2+ (P drex dex,]
d

C+

c d? bde ae? 2cd be

- + - - 1212 cd®
<d+ex)2 (d+ex>2 (d+ex)2 d+rex d+ex

2 (cd*-bde+ae?)
(2cd—be+x/b2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd*-bde+ae?
E11ipti E['A < h 2cd-be/b2er-4ace? } 2cd-be-+b%2e?-4ace? ]
ipticE|i ArcSin ,
Vd+ex 2cd-be+Vb2e2-4ace?
/2 _ cd’-bderae?
2cd-be-+/b%e?-4ace?
EllipticF[i ArcSinh] )

\Vd+ex

2cd-be-+b%2e?-4ace? ]

/ (cd*>-bde+ae?)
2cd-be++/b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be .
- C+ + + 212
2cd-be-+vb2e?2-4ace? (d+ex)2 d+ex

| 85

2 (cdszde+ae2)

Bc3d*e 1-

2cd-be++/b2e?-4ace?

(ch—befx/b2e274ace2) (d+ex)

2 (cd*-bde+ae?)

2cd—be+\/b2e2—4ace2> (d+ex)

EllipticE[i ArcSinh]|

1-
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/2 _ cd’*-bde+ae?
2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace?
], | - EllipticF[i
Vd+ex 2cd-be++vVb2e?-4ace?

\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? ] 2cd-be-+b%2e2_-4ace? } /

ArcSinh|

)

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

(cdszde+ae2) -

d2-bd 2 _2cd+b
¢+ S erae | €d*Pe 1 13252 bc2cdie
(d+ex)2 d+ex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(chfbefx/bzezf4ace2) (d+ex)

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

/ \/ cd’*-bde+ae?

2cdbe/b’e> 4ace’ 2cd-be-+b2e2_-4ace?
EllipticE|i ArcSinh| ] ]

3

Vd+ex 2cd-be+Vb2e2_-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+b2e2_-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2_-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be .
C+ + -1191b

2cd-be-+vVb%e?-4ace? (d+ex)? d+ex
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2 (cd®’-bd 2
Bc2d3e? 2cd—be+\/m 1- (C e+ae>
(ch—be—m) <d+ex)
2 (cd’-bde+ae?)
1- EllipticE[i ArcSinh|

(chfbe+\/b2e274ace2) <d+ex)

\/? _ cd*-bde+ae?
2cd-be-r/b?e’-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/7 B cd’-bde+ae?
2cd-be[b2erdace 2cd4—beng57E7i7f527§r} //

Ar‘cSinh[ ]:

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae?

2cd-be-+/b2e?2-4ace?

Z\E(cdszdeJraez) -

cd’-bde+ae? -2cd+be 33
C+ + +|31Ac’d e
(d+ex)? d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b?e?-4ace? 2cd-be-+/b2e?2-4ace?

]» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?2-4ace?

/2 _ cd’>-bde+ae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

ArcSinh| ],

Vd+ex 2cd-be++vb2e?-4ace?

[ \/_ cd’-bde+ae?
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cd’-bde+ae?

2cd-be-+b%2e?-4ace?

\E(Cdz—bde+ae2) -

cd?’-bde+ae? -2cd+be - 3
C+ + + (103 1ib“cCd e

(d+ex)? d+ex

2 (cd?’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

| | - EllipticF[i

Vd+ex 2cd-be+Vb2e2-4ace?

2 _ cd*>bderae’
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vb2e?-4ace?

[2 \/_ cd’-bde+ae?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

2\/7(cd2—bde+ae2) -

cd’-bde+ae? -2cd+be a3
C+ + +|691ac Cd’e

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)
2cdfbe+\/b2e274ace2) <d+ex)

1-

EllipticE[i ArcSinh|
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2cd-be/b’e>-dace? 2cd-be-+b2e?-4ace?

P | - EllipticF[i

Vd+ex 2cd-be++vVb2e?-4ace?

ﬁ \/_ cd’-bde+ae?

ﬁ _ cd’-bde+ae?
2cd-be-+/b2e?-4ace? 2cd,be,m} /

ArcSinh| 15

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?-4ace?

V2 (cd®*-bde+ae?) |-

cd’-bde+ae? -2cd+be - ) 3
C+ + +|91b°Bcd e

(d+ex)? d+ex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(2cdfbe7\/m) (d+ex)

2 (cdszde+ae2)

(2cd—be+\/m) <d+ex)

1-

EllipticE[i ArcSinh|

ﬁ _ cd’-bde+ae?
2cd-be/b>e’-dace? 2cd-be-+b%2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be+b%2e?2-4ace?

ﬁ B cd’-bde+ae?
2cd-be/b>e>-dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ];

Vd+ex 2cd-be++/b’e?-4ace?

cd’-bde+ae?

2cd-be-+/b’e?-4ace?

Zﬁ(cdz—bde+ae2) -

cd?’-bde+ae? -2cd+be . s 2 3
C+ + -|91iAbc d°e
(d+ex)2 d+ex
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2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-r/b?e’-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/7 B cd’-bde+ae?
2cd-be[b2erdace 2cd4—beng57E7i7f527§r} //

Ar‘cSinh[ ]:

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae?

2cd-be-+/b2e?2-4ace?

Z\E(cdszdeJraez) -

cd’-bde+ae? -2cd+be . ) 2 3
C+ + +|151aBc“d e

(d+ex)? d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b?e?-4ace? 2cd-be-+/b2e?2-4ace?

]» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?2-4ace?

/2 _ cd’>-bde+ae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

ArcSinh| ],

Vd+ex 2cd-be++vb2e?-4ace?

[ \/_ cd’-bde+ae?
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cd’-bde+ae?

2cd-be-+b%2e?-4ace?

\E(Cdz—bde+ae2) -

cd?’-bde+ae? -2cd+be 3o 3
C+ + - |151ib°Cd°e
(d+ex)2 d+ex

2 (cd?’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

| | - EllipticF[i

Vd+ex 2cd-be+Vb2e2-4ace?

2 _ cd*>bderae’
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vb2e?-4ace?

[2 \/_ cd’-bde+ae?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

2\/7(cd2—bde+ae2) -

cd’-bde+ae? -2cd+be _ ) 3
C+ + - |2371abcCde

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-
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ﬁ B cd*-bde+ae?
2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2cd-be+Vb2e2-4ace?

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ 242 (cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b%2e2-4ace? (d+ex)2 d+ex

2 (cdszde+ae2)

1-

3ib3Bde? (2cd—be+x/b2e2—4ace2

(ch—bef\/b2e274ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1- EllipticE[i ArcSinh|

\/7 _ cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-vVb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be++Vb2e2-4ace?

\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?2-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd?’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be s s
C+ + + (191 Ab“cde

(d+ex)2 d+ex
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2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-r/b?e’-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/7 B cd’-bde+ae?
2cd-be[b2erdace 2cd4—beng57E7i7f527§r} //

Ar‘cSinh[ ]:

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae?

2cd-be-+/b2e?2-4ace?

Z\E(cdszdeJraez) -

cd’-bde+ae? -2cd+be . 4
C+ + -|i1abBcde

(d+ex)? d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b?e?-4ace? 2cd-be-+/b2e?2-4ace?

]» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?2-4ace?

/2 _ cd’>-bde+ae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

ArcSinh| ],

Vd+ex 2cd-be++vb2e?-4ace?

/2 \/_ cd’-bde+ae?

| 93
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cd’-bde+ae?

2cd-be-+b2e?-4ace?

Zﬁ(cdz—bde+ae2) -

cd?’-bde+ae? -2cd+be . -
C+ + -|291aAc°de

(d+ex)? d+ex

2 (cd?’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

| | - EllipticF[i

Vd+ex 2cd-be+Vb2e2-4ace?

2 _ cd*>bderae’
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vb2e?-4ace?

[2 \/_ cd’-bde+ae?

cd’-bde+ae?

2cd-be-+b2e2_-4ace?

ﬁ(cdz—bde+ae2) -

cd’-bde+ae? -2cd+be R s
C+ + +|211ab“Cde

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)
2cdfbe+\/b2e274ace2) <d+ex)

1-

EllipticE[i ArcSinh|
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2cd-be/b’e>-dace? 2cd-be-+b2e?-4ace?

P | - EllipticF[i

Vd+ex 2cd-be++vVb2e?-4ace?

ﬁ \/_ cd’-bde+ae?

ﬁ _ cd’-bde+ae?
2cd-be-+/b2e?-4ace? 2cd,be,m} /

ArcSinh| 15

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?-4ace?

V2 (cd®*-bde+ae?) |-

cd’-bde+ae? -2cd+be ., 4
C+ + +|771a°cCde

(d+ex)? d+ex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(2cdfbe7\/m) (d+ex)

2 (cdszde+ae2)

(2cd—be+\/m) <d+ex)

1-

EllipticE[i ArcSinh|

ﬁ _ cd’-bde+ae?
2cd-be/b>e’-dace? 2cd-be-+b%2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be+b%2e?2-4ace?

ﬁ B cd’-bde+ae?
2cd-be/b>e>-dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ];

Vd+ex 2cd-be++/b’e?-4ace?

cd’-bde+ae?

2cd-be-+/b’e?-4ace?

\E(cdz—bde+ae2) -

cd’-bde+ae? -2cd+be
s ac - ~2iv2 Ab3 e’
(d+ex)2 d+ex
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2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
/ cd®*-bde+ae?
S~ E['A o h 2cdbe/b’e>dace’ } 2cd-be-+b2e2-4ace? ]
ipticE|i ArcSin s
Vd+ex 2cd-be+Vb%2e?-4ace?
\/? _ cd’-bde+ae?
2cd-be-+/b2e?-4ace?
EllipticF i ArcSinh]| ]

Vd+ex

2cd-be-+b%2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

L 2(cd2—bde+ae2)

7iab’Be’ (2cd—be+x/b2e274ace2

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b?e?-4ace? 2cd-be-+/b2e?2-4ace?

]» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?2-4ace?

/2 _ cd’>-bde+ae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

ArcSinh| ],

Vd+ex 2cd-be++vb2e?-4ace?

[ \/_ cd’-bde+ae?
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cd’-bde+ae?

2cd-be-+b%2e?-4ace?

\E(Cdz—bde+ae2) -

cd?’-bde+ae? -2cd+be . s
C+ + +|291iaAbce

(d+ex)? d+ex

2 (cd?’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

| | - EllipticF[i

Vd+ex 2cd-be+Vb2e2-4ace?

2 _ cd*>bderae’
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vb2e?-4ace?

[2 \/_ cd’-bde+ae?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

2\/7(cd2—bde+ae2) -

cd’-bde+ae? -2cd+be - s
C+ + -|1211a“Bce

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)
2cdfbe+\/b2e274ace2) <d+ex)

1-

EllipticE[i ArcSinh|
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/2 \/_ cd’-bde+ae?

2cd-be-/b2e?-4ace? 2cd-be-+b2e2_43ce?
], | - EllipticF[i
Vd+ex 2cd-be++vVb2e?-4ace?

[> \/ cd’-bde+ae?

2cd-be-+/b2e?-4ace? 2cd7be—m
ArcSinh| I, 1/
Vd+ex 2cd-be+b%2e?2-4ace?
cd’-bde+ae?
\E(CdszdeJraez) - *

2cd-be-+/b%2e?-4ace?

cd’-bde+ae? -2cd+be ., s

C+ + - |351a°bCe

(d+ex)2 d+ex

2 (cd®’-bde+ae?
(2cd—be+xlb2e2—4ace2) 1- ( )

(chfbefx/bzezf4ace2) (d+ex)

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\F cd’-bde+ae?
2cdbe/b’e> 4ace’ } 2cd—be—\/b2e2—4ace2]

EllipticE|i ArcSinh|

3

Vd+ex 2cd-be+Vb2e2_-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+b2e2_-4ace? ]

/ 242 (cdz—bde+ae2)
2cd-be+Vb2e2_-4ace?

cd’-bde+ae? cd’>’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b2e2-4ace? (d+exﬁ d+ex
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2 (cd*-bde+ae?)

(2cd—be—\/b2e2—4ace2) (d+ex)

2412 c3cd* |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bde+ae?
2cd-be- bze2 4ace? 2Cd—be—\/m
EllipticF[i ArcSinh] |s ] /
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

4i+2 Bcd?e |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd’-bde+ae?
2cd-ber/b2erdace? 2cd-be-+b2e?-4ace?
EllipticF[i ArcSinh] | }/
Vd+ex 2cd-be+vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

5212 bc2Ccdle |1-

2 (cdszde+ae2)

2cdfbe+\/b2e274ace2) (d+ex)

1-
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[2 \/ cd’-bde+ae’

2cd-be-y/b2e?-4ace? 2cd-be-+/b%2e?-4ace?
EllipticF i ArcSinh| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

15ibBc%d?e? |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’*-bde+ae?
2cd-be/bPeldace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
N2 - : C+ - + i +
2cd-be-+b%2e2-4ace? <d+ex>2 d+ex

2 (cdz—bde+ae2>

3i/2 Ac3d?e? |1-
(2cd—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’-bderae?
2cd-be- b2e24ace2 2cd-be-+b2e2_43ce?
EllipticF i ArcSinh]| , ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + +

2cd-be-+b2e2_4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

3012 b2cCd?e? |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bde+ae?
2cd-be- bze2 4ace? 2Cd—be—\/m
EllipticF[i ArcSinh] |s ] /
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

51142 ac’Cd?e? |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®*-bde+ae?
2cd-be- bze2 4ace? 2cd7be7\/m
EllipticF[i ArcSinh] | ] /
Vd+ex 2cd-be+vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

3ib?Bcde® |1-

2 (cdszde+ae2)

(chfbe+\/b2e274ace2) (d+ex)

1-
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[2 \/ cd’-bde+ae’

2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
vz |- - cs rael -2cdrbe |
2cd-be-+b%e?-4ace? (d+ex)? d+ex

2 (cdz—bde+ae2)

(2cd—be—x/b2e2—4ace2) (d+ex)

3i+v2 Abc?de® |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’*-bde+ae?
2cd-be/bPeldace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb%2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)
(ch—be—\/b2e2—4ace2) (d+ex)

121+/2 aBc?de® |[1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’-bderae?
2cd-be/b’e4ace’ 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh]| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -

2cd-be-+b2e2_4ace? (d+ex)2 d+ex
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2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

6312 abcCde® |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bde+ae?
2cd-be- bze2 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] |s ] /
Vd+ex 2cd-be+vVb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

2i+2 Ab%ce* [1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd’-bde+ae?
2cd-ber/b2erdace? 2cd-be-+b2e?-4ace?
EllipticF[i ArcSinh] | }/
Vd+ex 2cd-be+vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

7iabBce* [1-

2 (cdszde+ae2)
(chfbe+\/b2e274ace2) (d+ex)

1-
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ﬁ B cd’-bde+ae?
2cd—be—m] 2cd—be—\/b2e2—4ace2}/

EllipticF i ArcSinh| s

Vd+ex 2cd-be++vVb2e?-4ace?

cd’-bde+ae? cd?’-bde+ae? -2cd+be

\/7 - C + + _
2cd-be-+vb2e2-4ace? (d+ex>2 d+ex

2(cd2—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

5i+2 aAcZe* [1-

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

r cd’*-bde+ae?
2cdbe/b’e>4ace? ] 2cd—be—\/b2e2—4ace2}/

EllipticF i ArcSinh| s

Vd+ex 2cd-be++vVb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +

2cd-be-+vb%2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

3514/2 a2cCe* |1-

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/7 B cd’-bderae?
2cd-be-/b2e>-d4ace? ] 2cd—be—\/b2e2—4ace2}/

EllipticF i ArcSinh]| s

Vd+ex 2cd-be++vVb2e?-4ace?
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cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ +
2cd-be-+b2e2-4ace? (d+ex>2 d+ex

Problem 265: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/a+bx+cx2 (A+BX+CX2)

<d+ex)11/2

dx

Optimal (type 4, 1904 leaves, 9 steps):
1

2(2c¢%d® (8Cd*+e (4Bd+5Ae)) +
3153 (cdz—bdeJraez)3 (d+ex>3/2

3c*de (2ae (9Cd*+7Bde-9Ae?*) -bd (16Cd*+7Bde+5Ae?)) +
3ce? (2a%e? (17Cd-5Be) -abe (41Cd*+5Bde-9Ae?) +b’d (15Cd*+3Bde+7Ae?)) -

be®(21a’°Ce’-6abe (3Cd+2Be) +b> (5Cd*+4Bde+8Ae?)))Ja+bx+cx® +
1
315 e3 (cdszde+ae2>4\/m
2b’e* (21a°Ce’-6abe (3Cd+2Be) +b> (5Cd*+4Bde+8Ae?)) -
6c’e’ (abde (30Cd*-5Bde-34Ae*) -a’e® (30Cd*-36Bde+7Ae?) -
b>d* (11Cd*+3Bde+11Ae®)) -ce’ (126a°Ce’-3a’be* (12Cd+29Be) -
6ab’e (5Cd*+7Bde-12Ae*) +b>d (20Cd*+25Bde+56Ae’)) +

c3d®e (6ae (11Cd2+8Bde—34Ae2) -bd (56Cd2+5e (55d+4Ae)))) \Ja+rbx+cx® -

1

2 (2c4d4 (8Cd2+e (4Bd+5Ae)) n

2 (c*d®> (8Cd*+e (4Bd+5Ae)) -
105e> (cd’-bde+ae?)? (d+ex)’?
e’ (3a%e® (3Cd-5Be) -abe (2Cd*-17Bde-10Ae’) -b*d (5Cd*+4Bde+8Ae?)) -
cde (3bd (5Cd*+2Bde+5Ae?) ~ae (7Cd*+11Bde+13Ae?)) +
e(3c*d* (6Cd*+e (3Bd-5Ae)) +
ce(ae (47Cd*+Bde-7Ae®) -3bd (15Cd*+2Bde-5A¢e’)) +
e’ (21a°Ce’-3abe (16Cd-Be) +b> (25Cd*-e (Bd+2Ae)))) X)

miz(CdZ_e(Bd—Ae)) (a+bX+cx2)3/27

9e (cd?-bde+ae?) (d+ex)9/2

1

315e4(cd2—bde+ae2>4\/ ¢ (dvex) va+rbx+cx?

2cdf(b+\/b274ac]e
V2 A/b?-4dac (2¢*d* (8Cd*+e (4Bd+5Ae)) +

2b’e* (21a°Ce*-6abe (3Cd+2Be) +b> (5Cd*+4Bde+8Ae?)) -
6c’e’ (abde (30Cd>-5Bde-34Ae’) -a’e” (30Cd*-36Bde+7Ae?) -
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b? d? (11cd2+3Bde+11Ae2)) —ce? (126a\3Ce3—332be2 (12Cd+/295e) -
6ab’e (5Cd>+7Bde-12Ae*) +b>d (20Cd*+25Bde+56Ae’)) +
c>d*e (6ae (11Cd*+8Bde-34Ae’) -bd (56Cd*°+5e (5Bd+4Ae))))Vd+ex

b+y/b%2-4ac +2cx
c(a+bx+cx2) b*-4ac 2+/b2-4ac e
- EllipticE[ArcSin| ], - +
b2-4ac V2 2cd—(b+\/m)e
1

315 e4 (cdz—bde+ae2>3\/d+ex Va+bx+cx?

2+/2 \/b?-4ac (2c3d® (8Cd*+e (4Bd+5Ae)) +
3c*de (2ae (9Cd*+7Bde-9Ae®) -bd (16Cd*+7Bde+5Ae?)) +
3ce® (2a’e? (17Cd-5Be) -abe (41Cd*+5Bde-9Ae?) +b’d (15Cd*+3Bde+7Ae?)) -
be®(21a’°Ce’-6abe (3Cd+2Be) +b* (5Cd*+4Bde+8Ae%)))

c(d+ex> c<a+bx+cx2>
2Cd7(b+\/m)e b>-4ac

bi/b2-4ac +2cx

Jbaac T
EllipticF[ArcSin] 5 o — 2&?) |
cd- |b+ -4ac|e

Result (type 4, 29140 leaves) : Display of huge result suppressed!

Problem 266: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

d 32 (A+Bx+Cx2
J( +ex> (+ X + X)dlx

Vva+bx+cx?
Optimal (type 4, 724 leaves, 8 steps):
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; 2 (24b2Ce2—ce (15de+28bBe+25aCe) -c? (6Cd2—7e (3Bd+5Ae)))
105 c’ e

vd+ex \Ja+rbx+cx® -

2(2cCd-7Bce+6bCe) (d+ex)3/2\/a+bx+cx2 2C (d+ex)5/2\/a+bx+cx2

N _
35c?e 7ce

V2 A/b2-4ac (48b>Ce®-8bce? (9bCd+7bBe+13aCe) +c>d (6Cd?>-7e (3Bd+20Ae)) +

c (a+bx+cx?)

c’e (ae (82Cd+63Be) +b (12Cd2+91Bde+70Ae2))) Vd+ex \/—

b2-4ac

b+y/b%-4ac +2cx

Joane -
E1lipticE [ArcSin| ], - 2+/b2-4ac e | /
V2 2cd-(be Vb2 dac e

d
105 c* e? C< +ex) na+bx+cex? | -|2+/2 A/b*-4ac (cdz—bde+ae2)

2cd- (b+\/b2—4ac)e

(24b2Ce2—ce (15de+28bBe+25aCe) -c? (6Cd2—7e (3Bd+5Ae)>)

b+y/b*-4ac +2cx

c(d+ex) c (a+bx+cx?) Jbaac
- EllipticF[Ar‘cSin[ },
2cd—(b+\/m)e b2-4ac NEY

2vVb2-4ac e
- ] /(105c4e2\/d+ex Ja+rbx+cx?
2cd- (b+\/b2—4ac)e

Result (type 4, 9972 leaves):
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1

Vd+ex (a+bx+cx2)

a+Xx (b+cx)

2 (3cszz+42Bc2de—33bche—28bBcez+35Ac2e2+24b2Ce2—25acCe2> +

1 / 2
+ 2+ a+bx+cx

105c3e3 . /a+x (b+cx)

[105c3e
2(8cCd+7Bce-6bCe)x 2Cex?

+

35¢c? 7c

(-6c*Cd’*+21Bc*d’e-12bc®Cd*’e-91bBc*de®+140Ac*de®+72b*cCde’ -

82ac2Cde2+56b2Bce3—70Abc2e3—63ch2e3—48b3Ce3+104abcCe3)

(d ex>3/2 {c cd? bde ae? 2cd be /
+ + _ 4 _ +
(d+ex)2 (dJrex)2 <d+ex)2 d+ex d+ex
2 g 12 efb-e e
(d+ex) c(—1+d+ex) " e .
c ez ' ( bd ae |
C -
2 2
(cd*-bde+ae?) (d+ex) [c+ cd? _bde _ae®  2cd be

<d+ex)2 (d+ex>2 (d+ex)2 d+rex d+ex

2 (cd*-bde+ae?)

1-

3iccd® (2cd—be+x/b2e2—4ace2

(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE|i ArcSinh|

2cd-be/b2e*-dace? 2cd-be-+b2e?-4ace?

1, | - EllipticF[i

Vd+ex 2cd-be++vVb2e?-4ace?

[2 \/ cd’-bde+ae?
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\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be 3
C+ + -1211Bc’d°e

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd’-bde+ae?
2cd-be-r/b2e*-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/? B cd’-bde+ae?
2cd-be-~/b2e?-4ace? 2cd7be—\/m} /

Ar‘cSinh[ ]:

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

Z\E(cdszdeJraez) -

cd’-bde+ae? -2cd+be
C+ as - +]3ivV2 bc2cd?e

(d+ex)2 d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)
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2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
r cd’-bde+ae?
E1lipt] E['A <i h 2cdber/bleraace } 2cd-be-+b2e2_-4ace? ]
ipticE|i ArcSin s
Vd+ex 2cd-be+Vb2e2-4ace?
2 _ cd*bdetae’
2cd-ben/b2e?dace?
E1lipticF [i ArcSinh| ]

Vd+ex

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be ,
- C+ + +1911b
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)

Bc2de? |2cd-be++/b%?e?-4ace? 1-

(2cd—be—x/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE|i ArcSinh|

ﬁ B cd’-bderae?
2cd-be/b2e*-dace? 2cd-be-+b2e?-4ace?

1, | - EllipticF|i

Vd+ex 2cd-be++vb2e?-4ace?

/2 _ cd’-bde-+ae?
2cd-ben/b’e>dace? 2cd-be-+b2e?2-4ace? } /

Ar‘cSinh[ ],

Vd+ex 2cd-be+Vb%2e2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

Zﬁ(cdz—bdeJraez) -
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cd’-bde+ae? -2cd+be
c+ as - ~ 3512 Acdde?
(d+ex)? d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)
(chfbe+\/b2e274ace2) <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ } 2cd-be- b2e2—4ace2]

EllipticE|i ArcSinh|

B —

Vd+ex 2cd-be+/b%2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+/b%2e?2-4ace? ]

/ (cdszde+ae2)
2cd-be+/b2e?-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex

181 /2 b?cCde?

2cd-be++/b*e?2-4ace?

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

1-

2 (cdszde+ae2)
(chfbe+\/b2e274ace2) (d+ex)

1-
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ﬁ B cd*-bde+ae?
2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2cd-be+Vb2e2-4ace?

/2 _ cd’-bde+ae?
2cdbe/b2e? dace’

E1lipticF [i ArcSinh| ]

\Vd+ex

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ (cdz—bde+ae2)

cd’-bde+ae? cd’>-bde+ae? -2cd+be ,
- C+ + +]411a
2cd-be-+vb2e?-4ace? (d+ex)? d+ex
2 (cd*>-bde+ae?
c’Cde? |2cd-be++/b?2e?-4ace? 1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
2 (cd’-bde+ae?)
1- EllipticE|i ArcSinh|

(2cd—be+\/b2e2—4ace2) <d+ex)

\/7 B cd’-bderae?
2cd-be/b’e>-dace? 2cd-be-+b2e?-4ace?

|5 | - EllipticF[i

Vd+ex 2cd-be++vVb2e?-4ace?

\/? B cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+b%2e2_-4ace? } /

Ar‘cSinh[ ],

Vd+ex 2cd-be+b%2e2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

V2 (cd®*-bde+ae?) |-
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cd’-bde+ae? -2cd+be
C+ ! + - -~ 1141 +/2 b2Bced

(d+exf d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

1-
(chfbe+VB:;iZE?ET)<d+e@
/ cd’-bde+ae?
E1lipt] E['A < h 2cd-be- b2e24aceZ } 2cd7be7\/m]
ipticE|i ArcSin , _
Vd+ex 2cd-be++b%2e?2-4ace?
\/7 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?
E1lipticF [i ArcSinh| |

Vd+ex

2cd-be-+/b%2e?2-4ace? ]

/ (cdszde+ae2)
2cd-be+/b2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be ,
- C+ + + (351
2Cd—be—m (d+ex)2 d+ex

2 (cdz—bde+ae2>

(chfbefx/b2e274ace2) (d+ex)

Abc?e®|2cd-be++/b%2e?-4ace? 1-

2 (cdszde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

1-

EllipticE[i ArcSinh|

2cd-be-+/b?e*-4ace? 2cd-be-+/b%2e?2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be+b%2e?2-4ace?

[ \/ cd’-bde+ae?
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\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be . 5, 3
C+ + +|631aBce

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd’-bde+ae?
2cd-be-r/b2e*-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/? B cd’-bde+ae?
2cd-be-~/b2e?-4ace? 2cd7be—\/m} /

Ar‘cSinh[ ]:

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

Z\E(cdszdeJraez) -

cd’-bde+ae? -2cd+be
c+ as - + 121 +/2 b3Ced

(d+ex)2 d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)
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2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

)

ﬁ\/ cd’>-bde+ae?
Vd+ex 2cd-be+Vb2e2-4ace?

2cd-be-+/b2e?*-4ace? } 2cd-be-+b%2e2_4ace?

EllipticE[i ArcSinh

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2612 abccCeé?

2cd—be+«/b2e2—4ace2)

2 (cdz—bde+ae2)

(2cd—be—x/b2e2—4ace2) <d+ex)

1-

L 2(cd2—bde+ae2)

\ (2cd—be+\/b2e2—4ace2><d+ex)

\E _ cd*-bde+ae?
[ 2cd-be/b2e?-4ace? } 2cd-be-+/b%2e?-4ace?
J

Vd+ex 2cd-be+Vb2e2_4ace?

EllipticE[i ArcSinh

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

EllipticF[i ArcSinh | ls

Vd+ex
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2cd-be-+b2e2-4ace? ]

/ (cd®>-bde+ae?)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb2e2-4ace? (dJrex)2 d+ex

2 (cdz—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

3i+2 c3Cd?® |[1-

2(cd2—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2> <d+ex)
\/7 cd*-bde+ae?
2cd-be/brerdace? 2cd-be-+/b%?e?2-4ace?
EllipticF[i ArcSinh| ] }/
Vd+ex 2cd-be++Vb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+b%e?-4ace? (d+ex)? d+ex

2 (cdz—bde+ae2)

(2cdfbe7\/b2e274ace2> (d+ex)

21iBc3de |1-

2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/7 cd’-bde+ae?
2cdbe/b’e 4ace’ 2cd-be-+/b%?e?-4ace?
E1lipticF[i ArcSinh | ] ] /
Vd+ex 2cd-be++vVbZe?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
V2o - i C+ : + : +

2cd-be-+vb2e2-4ace? (d+ex>2 d+ex
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2 (cd*-bde+ae?)

(2cd—be—\/b2e2—4ace2) (d+ex)

15ibc®Cde |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2)<d+ex)
\/— cd®’-bde+ae?
2cd-be- b2e24ace 2Cd—be—\/m
EllipticF[i ArcSinh] |s }/
Vd+ex 2cd-be+vVb2e2-4ace?
Nl B cd’-bde+ae? c+cd27bde+ae2+72cd+be N
2cd-be-+b%?e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

14142 bBc?e? |1-

2 (cdszde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd’-bde+ae?
2cd-ber/b2erdace? 2cd-be-+b2e?-4ace?
EllipticF[i ArcSinh] | }/
Vd+ex 2cd-be+vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e?-4ace? (d+ex)? d+ex

2 (cd’-bde~+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

35iAc3e? |1-

2 (cdszde+ae2)

(chfbe+\/b2e274ace2) (d+ex)

1-
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) \/ cd’>-bdetae’

2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
vz |- - cs rael -2cdrbe |
2cd-be-+b%e?-4ace? (d+ex)? d+ex

2(cd2—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

121+/2 b*cCe? |1-

2 (cd*-bde+ae?)

1_
(2cd—be+\/b2e2—4ace2) <d+ex)
\/— cd’*-bde+ae?
2cd-be/bPeldace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb%2e2-4ace? (d+ex)2 d+ex

2 (cdz—bde+ae2)
(ch—be—\/b2e2—4ace2) (d+ex)

251ac?Ce? |1-

2 (cd*-bde+ae?)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

) _ cd’-bde+ae?
2cd-be-+/b?e?’-4ace? 2cd-be-+b%2e2_4ace? } /

EllipticF i ArcSinh]| |

Vd+ex 2cd-be++vVb2e?-4ace?
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cd’-bde+ae? cd?’-bde+ae? -2cd+be
\/7 - : C + h + *
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

Problem 267: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/d+ex (A+Bx+Cx2)
Va+bx+cx?

Optimal (type 4, 557 leaves, 7 steps):

dx
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2(2cCd-5Bce+4bCe)/drex Vatrbx+cx? 2C (d+ex)3/2\/a+bx+cx2

- + +
15cle S5ce

V2 A/b2-4ac (8b*Ce?-ce (3bCd+10bBe+9aCe) -c? (2Cd*-5e (Bd+3Ae))) Vd+ex

c (a+bx+cx?) Vb?-dac 2V/b2 4ac e
- EllipticE[ArcSin] ]s - ] /
b2_4ac 2 2cd—(b+\/b2—4ac)e

15 c3 e? c(d+ex) Ja+bx+cx? |+
2cd- (b+\/b2—4ac ) e

c(d+ex)

2cd—(b+\/b2—4ac)e

22 +/b2-4ac <2ch—SBce+4bCe) (cdz—bde+ae2)

b+y/b*-4ac +2cx
b 2 \/b%-4ac A h2 _
_clarbxs+cx) EllipticF [ArcSin| ], - 2Vb7 fdace ]/
b2-4ac V2 2cd—(b+\/b2—4ac)e

(15c3e2\/d+ex \Ja+bx+cx?

Result (type 4, 5505 leaves):
(2(ccd+SBce74bCe) +2C7X>\/m(a+bx+cx2) 1

15c%e 5¢

a+x(b+cx> 15 c2? e3 a+x(b+cx)
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2+/a+bx+cx?

(ZCZCdZ—SBczde+3bche+10bBce2—15Ac2e2—8b2Ce2+9acCe2)

(d ex)3/2 [c cd? bde ae? 2cd be /
+ + _ + _ +
(d+ex)2 (d+ex)2 <d+ex)2 d+rex d+ex
2 e(b-t4. e
(d+ex)2 c(—1+d+‘lx) n e )
c - - ’
C -
2 2
(cd*-bde+ae?) (d+ex) [c+ cd  bde ~ ae?  2cd be

(d+ex)2 (d+ex>2 (d+ex)2 direx d+ex

2 (cd*-bd 2
chzcdz(2cd—be+\/m) 1-_ (C e+ae)
(2cd-be-bPer-4ace? | (d+ex]

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/_ cd’-bde+ae?
L , . 2cdben[b2eraace 2cd-be-+Vb%e?-4ace?
EllipticE[i ArcSinh] |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?

\/? _ cd’-bde+ae’
2cd-be-+/b2e*-4ace?
EllipticF i ArcSinh]| s

Vd+ex

2cd-be-+b%2e2-4ace?
] / \E(Cdz—bde+ae2)
2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + -

2cd-be-+/b%2e? _4ace? (d+ex)2 d+ex
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Problem 268: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

dx

J A+ Bx+Cx2
Jdrex Varbx+cx?

1/

1/
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Optimal (type 4, 471 leaves, 6 steps):
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(2cd—be+\/b2e2—4ace2 ) (d+ex)
r cd’*-bde+ae?
2cdben/b2er aace 2cd-be-+b%e?-4ace?
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Problem 269: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

A+Bx+Cx?
J dx

d+ex)3/2\/a+bx+cx2

Optimal (type 4, 508 leaves, 6 steps):

1/

1/
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cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -

2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

1Bcde

2 (cd’-bde+ae?
2cd—be+x/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)
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2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\E _ cd*-bde+ae?
2cd-be/b2e2-4ace? 2cd-be-+/b%2e?-4ace?

EllipticE|i ArcSinh| ] ] -

Vd+ex 2cd-be+Vb2e2_-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| )5

Vd+ex

2cd-be-+b2e2_4ace? ]

/ 242 (cdz—bde+ae2)
2cd-be+Vb2e2_-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + -

2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2<cd2—bde+ae2)
ibCde 2cd—be+x/b2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)
L 2(cd27bde+ae2)

(chfbe+\/b2e274ace2) (d+ex)

/ cd*-bde+ae?
2cd-be/be? dace? 2cd-be-+/b2e2-4ace?

EllipticE[i ArcSinh| B ] -

Vd+ex 2cd-be++/b2e?2-4ace?

2cd-be-+/b%e’-4ace?

E1lipticF[i ArcSinh | ]

A d+ex

/2 \/_ cd’-bde+ae?

2cd-be-+/b%2e?-4ace? ]

/ 2+/2 (cd®>-bde+ae?)
2cd-be++/b2e?2-4ace?
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cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex
2 (cd?’-bde+ae?
iAce?|2cd-be++/b2e?-4ace? 1- ( )
(ch—befx/b2e274ace2) (d+ex)
L 2(cd2—bde+ae2)
(2cd—be+x/b2e2—4ace2) <d+ex)
\/— cd*-bde+ae?
2cd-be- bze -4ace? 2cd7be—\/m
EllipticE[i ArcSinh]| B ]

Vd+ex 2cd-be++/b2e?2-4ace?

2cd-be-+/b%e’-4ace?
\Vd+ex

/2 \/_ cd’-bde+ae?

EllipticF[i ArcSinh]

s

2cd-be-+/b2e?2-4ace? ]

/ 2+/2 (cdz—bde+ae2)
2cd-be++/b2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb%2e2-4ace? (d+ex)2 d+ex
2 (cd’-bde+ae?
iaCe?|2cd-be++/b?e?-4ace? 1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
L 2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

ﬁ B cd’-bde+ae?
2cd-be-\/b2e?-4ace’ 2cd-be-+b%2e2-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2cd-be+Vb2e2-4ace?
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2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]

/ 242 (cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b%2e2-4ace? (d+ex)2 d+ex

2 (cdszde+ae2>

(ch—befx/b2e274ace2) (d+ex)

iv2 cCcd |1-

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdbe-/b’e dace’ 2cd-be- b2e2—4ace2}/

EllipticF[i ArcSinh| ]

Vd+ex 2cd-be+b%2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -

2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

1Bce |1-
(chfbefx/b2e274ace2) (d+ex>
L 2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

\/? _ cd’-bde+ae?
2cd-be-/b?e?-4ace? 2cd-be-+/b%2e?2-4ace? } /

EllipticF[i ArcSinh | ls

Vd+ex 2cd-be+b%2e?2-4ace?
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cd’-bde+ae? cd?’-bde+ae? -2cd+be
\/7 - : C + h + *
2cd-be-+vb2e2-4ace? (d+ex)2 d+ex

Problem 270: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A+ Bx+Cx>2
J dx

d+ex)5/2\/a+bx+cx2

Optimal (type 4, 684 leaves, 7 steps):



Mathematica 11.3 Integration Test Results for 1.2.1.9 P(x) (d+e x)~"m (a+b x+c x~2)"p.nb | 141

2 (Cd*-e (Bd—Ae)) va+bx+cx?

- +
3e (cd?’-bde+ae?) (d+ex)3/2

(2 (cd(2Cd*+e (Bd-4Ae)) +e (3ae(2Cd-Be)-b (4Cd*-Bde-2Ae?)))+/a+bx+cx?

/

(3e (cdz—bde+ae2)2\/d+ex)— V2 A/b?2-4ac

(cd(ZCd2+e(Bd-4Ae))+e(3ae(2Cd-Be)-b(4Cd2—Bde—2Aeﬂ))Vd+ex

b+y/b*-4ac +2cx

b 2 \/b%-4ac A h2 _
€ (a+bx+cx?) EllipticE [ArcSin| ]s - 2b-4ec e ] /
b2-4ac V2 2cd7(b+x/b274ac)e

d
3e2(cd2bde+ae2)2\l c (drex) \Ja+bx+cx?

2Cd—(b+\/m)e

c(d+ex)
V2 A/b2-4ac e(bd-ae) -c d>+e (Bd-Ae
2 ' <3C < ) <2C (B g >)>J2cd(b+‘\/b24ac)e

b+y/b*-4ac +2cx

c(a+bx+cx2) \b*-dac 2+/b2 _4ac e
- EllipticF [ArcSin| ]s - ] /
b>-4ac V2 2cd—(b+\/b2—4ac)e

(3ce2 (cdz—bde+ae2) Vd+ex \Ja+rbx+cx?

Result (type 4, 6924 leaves):

= Vd+ex (a+bx+cx2)

2(Cd2-Bde+Aeﬂ

3e (cd’-bde+ae?) (d+ex)2

a+x<b+cx)

(2 (-2ccd®-Bcd’e+4bCd’e-bBde’+4Acde’-6aCde’-2Abe’+3aBe’)) /
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(3e <cd2—bde+ae2)2 (d+ex)) +

1 / 2
2/ a+bx+cx

3e3 (cdszdeJran)2 a+x (b+cx)

(-2cCcd®-Bcd’e+4bCd’e-bBde*+4Acde’-6aCde’-2Abe’+3aBe’) (d+ex)3/2

[c c d? bde ae? 2cd be /
+ - + - +
(d+ex)2 (d+ex)2 (d+ex)2 d+ex d+ex
2 e (b bd+ae

(d+eX>2 (C (_1+ d+dex) * d+e x J 1

2 +

e bd

(d+ex)? dre

2 2
(cd®-bde+ae?) (d+ex) [c+ cd ~_bde ,_ae ~ 2cd . be

(d+ex)2 (d+ex>2 (d+ex)2 d+ex d+ex

2 (cd*-bde+ae?)

(ch—be—\/b2e2—4ace2) (d+ex)

1-

icCd? (ch—beﬂlbzez—4ace2

2 (cdszde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

1-

/ \/ cd’-bde+ae?

2cd-be/ble? dace? 2cd-be- b2e274ace2]

EllipticE[i ArcSinh| B

Vd+ex 2cd-be+vVb2e2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e’-4ace?

\Vd+ex

EllipticF[i ArcSinh]

]
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2cd-be-+b2e2-4ace? ]

/ ﬁ(cdz—bde+ae2)
2cd-be+Vb%2e?-4ace?
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cd’-bde+ae? cd’-bde+ae? -2cd+be

- C+ + +
2cd-be-+vb%e?-4ace? (d+ex)? d+ex
2 (cd®’-bde+ae?
iBcd?’e |2cd-be++/b?e®>-4ace? 1- ( >
(chfbefx/b2e274ace2) (d+ex>
2 (cdz—bde+ae2)
1- EllipticE[i ArcSinh|

(2cd—be+\/b2e274ace2) (d+ex)

/2 _ cd*-bde+ae?
2cd-be-+/b*e>-4ace? 2cd-be-+/b%2e2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be+b%2e?2-4ace?

ﬁ B cd’-bde+ae?
2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace? } /

ArcSinh | B

Vd+ex 2cd-be++vVb2e?-4ace?

cd’-bde+ae?

2cd-be-+b2e?-4ace?

2\/7(cd2—bde+ae2) -

cd’-bde+ae? -2cd+be
s as i ~liv2 bcd?e

(d+ex)? d+ex

2 (cd?’-bde+ae?
(2cd—be+x/b2e2—4ace2) 1- ( )

(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdszde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

1-
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/2 \/ cd’-bde+ae?

2cd-be-\/b2e?-4ace? 2cd-be-+b2e2_-4ace? ]

EllipticE[i ArcSinh] B

Vd+ex 2cd-be+Vb2e2-4ace?

2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| ]

Vd+ex

/2 \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ (cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

(ch—befx/bzezfélacez) (d+ex>

ibBde? [2cd-be++/b?e?-4ace? 1-

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1- EllipticE[i ArcSinh|

\/7 _ cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-vVb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be++Vb2e2-4ace?

\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?2-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e?-4ace?

2\/7(cd2—bde+ae2) -

cd’-bde+ae? -2cd+be
C+ * + * - J'L\EAcdez

(d+ex)2 d+ex
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2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
/ cd®*-bde+ae?
S~ E['A o h 2cdbe/b’e>dace’ } 2cd-be-+b2e2-4ace? ]
ipticE|i ArcSin s -
Vd+ex 2cd-be+Vb%2e?-4ace?
\/? _ cd’-bde+ae?
2cd-be-+/b2e?-4ace?
EllipticF i ArcSinh]| ]

Vd+ex

2cd-be-+b%2e2-4ace? ]

/ (cdz—bde+ae2)
2cd-be+Vb2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C + + +
2cd-be-+Vb%e?-4ace? (d+ex)? d+ex
2 (cd’-bde+ae?
3iaCde?|2cd-be++/b*e?-4ace? 1- ( )
2cd-be-+b?e?-dace? | (d-ex]
L 2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

/ cd’-bde+ae?
2cd-be/b?e2dace? 2cd-be-+/b%2e?-4ace?

EllipticE|i ArcSinh| ], ] -

Vd+ex 2cd-be+Vb2e2_4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

EllipticF[i ArcSinh | ]

Vd+ex
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2cd-be-+b2e2-4ace? ]

/ ﬁ(cdz—bde+ae2)
2cd-be+Vb%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+vb%e?-4ace? (d+ex)? d+ex
2 2
iAbe3 |[2cd-be++/b?e?-4ace? 1- Z(Cd —bde+ae)
(chfbefx/b2e274ace2) (d+ex)
L 2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)
\ﬁ cd*-bde+ae?
Ellipti E['A <3 h 2cdbe/brelaace } 2cd—be—\/b2e2—4ace2]
ipticE|i ArcSin ,
Vd+ex 2cd-be+Vb2e2_4ace?
\/? B cd*bderae?
2cd-be-+/b2e?-4ace?
EllipticF[i ArcSinh| |

Vd+ex

2cd-be-+/b%2e?-4ace? ]
2cd-be+Vb2e2_4ace?

/ ﬁ(cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e?2-4ace? (d+‘3X)2 d+ex
2 (cd?’-bde+ae?
3iaBe®|2cd-be++/b’e?-4ace? 1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
L 2(cd27bde+ae2)

2cd—be+\/b2e274ace2) (d+ex)
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2cd-be-\/b2e?-dace? 2cd-be-+b2e2_-4ace?

EllipticE[i ArcSinh] |, ] -

Vd+ex 2cd-be+Vb2e2-4ace?

/2 \/ cd’-bde+ae?

/2 _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+b2e2-4ace? ]
2cd-be+Vb2e2-4ace?

/ 242 (cdz—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cdszde+ae2)
(ch—befx/bzezfllacez) <d+ex)

iv2 cCcd? |1-

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e dace’ ] 2cd-be- b2e2—4ace2}/

EllipticF[i ArcSinh|

)

Vd+ex 2cd-be+b%2e?2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +

2cd-be-+b%e?-4ace? (d+ex)? d+ex

2 (cdszde+ae2)

1Bcde |[1-
(chfbefx/b2e274ace2) (d+ex)
L 2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)
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[2 \/ cd’-bde+ae’

2cd-be-/b*e*-4ace? 2cd-be-+b2e?-4ace?
EllipticF i ArcSinh| ], }/
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
vz |- - cs rae’ -2cdibe |
2cd-be-+b%e?-4ace? (d+ex)? d+ex
2(cd2—bde+ae2)
31bCde |1-
(ch—be—\/b2e2—4ace2) (d+ex)
L 2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

r cd’*-bde+ae?
2cdbe/b’e>4ace? ] 2cd—be—\/b2e2—4ace2}/

EllipticF i ArcSinh|

3
Jdrex 2cd-be++Vb2e2-4ace?
Nl B cd’-bde+ae? c+cd2—bde+ae2+—2cd+be )
2cd-be-+b%2e2-4ace? <d+ex>2 d+ex
2 (cd*-bde+ae?)
iAce? |1-
2cd-be-Vbre dace? ) (d-ex]
1 2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

/ \/ cd’-bde+ae?

2cd-be- b2e24ace2 2cd-be-+b2e2_43ce?
EllipticF i ArcSinh]| ], ] /
Vd+ex 2cd-be++vVb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
N i C+ : + ! +

2cd-be-+b2e2_4ace? (d+ex>2 d+ex
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2 (cd*-bde+ae?)

3iaCe? |[1-
(ch—be—\/b2e2—4ace2) (d+ex)
. 2(cd27bde+ae2)

(2cd—be+\/b2e274ace2) (d+ex)

/ cd’-bde+ae?
2cd-be- bzez4ace 2cd-be- b2e2—4ace2} /

EllipticF[i ArcSinh] |s

Vd+ex 2cd-be+vVb2e2-4ace?

d>-bde+ae? d>-bde+ae? -2cd+be
\E B C + c+C + N cda+
2cd-be-+b%e?-4ace? (d+ex)? d+ex

Problem 271: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

A+Bx+Cx?
J dx
(d+ex)”?a+bx+cx?
Optimal (type 4, 944 leaves, 8 steps):
2 (Cd*-e (Bd-Ae}) Va+bx+cx?
N

5e(cd’-bde+ae?) (d+ex)5/2

(2 (cd(2cd*+e (3Bd—8Ae)) +e (Sae (2Cd—Be) -b (GCdZ—Bde—4Ae2))) \Ja+bx+cx?

(15e (cdz—bde+ae2)2 (d+ex>3/2) + (2 (c?d? (2Ccd*+e (3Bd-23Ae)) -

/

2 (15a2Ce2—10abe (Cd+Be) +b? (3Cd2+2Bde+8Ae2)) -

e(bd(7Cd*-7Bde-23Ae’) -ae (19Cd*-29Bde+9Ae?}))/a+bx+cx? /

(15e(cdz—bde+ae2)3\/d+ex)— V2 A/b2-4ac (czd2 (2Cd2+e(38d—23Ae))—

2(15a°Ce?-10abe (Cd+Be) +b? (3Cd>+2Bde+8Ae?)) -
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ce‘(bd <7Cd2—7Bde\—23Ae2)’—ae\(19Cd2—29Bde+9A/e,2))) Vd+ex

b+y/b*-4ac +2cx

b 2 Joaac JrZ_a
,C<a* X+ cx?) EllipticE [ArcSin| ]s - 2Vb —4ec e ]/
b2-4ac 2 2cd7(b+\/b274ac)e

+

d
15e2(cd2bde+ae2)3J c(drex) \Ja+rbx+cx?

2cd7(b+\/b2—4ac)e

2+/2 \/b*-4ac (cd(2Cd*+e (3Bd-8Ae))+e (5ae (2Cd-Be)-b(6Cd>-Bde-4Ae?)))

c (d+ex) \/ c(a+bx+cx2)
2cd—(b+\/b2—4ac)e b2-4ac

bi/b2-4ac +2cx

N -~
EllipticF[ArcSin| I, - 2+/b?>-4ac e | /
V2 2cd- [b-\b?-4ac|e

15 e? (cdz—bde+ae2>2\/d+ex Ja+bx+cx?

Result (type 4, 12295 leaves):
! Vd+ex (a+bx+cx?)

2 (Cd*-Bde+Ae?)

5e(cd’-bde+ae?) (d+ex)3

a+Xx (b+cx)
(2 (—2cCd3—3Bcd2e+6de2e—dee2+8Acdez—10aCde2—4Abe3+5aBe3))/
(15e (cdz—bdeJran)2 (d+ex)2) -
(2 (-2c*Ccd*-3Bc*d’e+7bcCd’e-7bBcd*e*+23Ac*d*e*+3b*Cd?e® -
19acCd?e?+2b?Bde®>-23Abcde®+29aBcde®-10abcCde+8ADb%e* -

10abBe479aAce4+15a2Ce4))/(15e (cdszdeJraez)3 (d+ex)) +

1 2
2c~/a+bx+cx

15 3 (cdz—bde+ae2)3 a+Xx (b+cx)
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(—2c2Cd4—BBc2d3e+7bch3e—7bBcd2e2+23Ac2d2e2+3b2Cd2e2—19ach2e2+

2b2Bde®-23Abcde?+29aBcde®-10abCde®+8Ab%e*-10abBe*-9aAce*+

15a*Ce?) (d+ex>3/2 {c+ cd? ~_bde . ae? ~ 2cd . be J/
(d+ex)? (d+ex)? (d+ex)® d+ex d+ex
2 d \2 eb—£+f7e
(d+ex) c(71+d+ex) s )
C ez ) [ bd _ae
c -
2 2
(Cdszde+ae2> <d+ex) c+ cd - bde N ae B 2cd . be

<d+ex)2 (d+ex>2 (d+ex)2 d+ex d+ex

2 (cd’-bde+ae?
J'lczcd“(2cd—be+xlb2e2—4ace2) 1- ( )

(2cd—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2> <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+/b%2e?2-4ace?

EllipticE|i ArcSinh| |, ] -

Vd+ex 2cd-be+Vb2e2_4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

EllipticF[i ArcSinh | ]s

Vd+ex

2cd-be-+/b%2e?-4ace? ]

/ ﬁ(cdz—bde+ae2)
2cd-be+Vb2e2_4ace?
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cd’-bde+ae? cd’>-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

L 2(cd2—bde+ae2)

31‘1Bc2d3e(ch—beﬂlbzez—4ace2

(ch—bef\/b2e274ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

EllipticE[i ArcSinh|

ﬁ B cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-+vb2e2-4ace?

], | - EllipticF[i

Vd+ex 2cd-be++Vb%e2-4ace?

\/? _ cd’-bde+ae?
2cd-be-v/b?e?-4ace? 2cd-be-+b%2e2-4ace? } /

ArcSinh| ]s

Vd+ex 2cd-be++vb2e?-4ace?

cd’-bde+ae?

2cd-be-+b2e2_-4ace?

Zﬁ(cdz—bde+ae2) -

cd’-bde+ae? -2cd+be _ 3
C+ + -|7ibcCd’e

(d+ex)? d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2 (cdz—bde+ae2)
(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE[i ArcSinh|

\/? _ cd’-bde+ae?
2cd-be-r/b2e>-dace? 2cd-be-+b2e2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vbZe?-4ace?
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\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

2\/7(cd2—bde+ae2) -

cd’-bde+ae? -2cd+be _ y
C+ + +|71bBcd“e

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd’-bde+ae?
2cd-be-r/b2e*-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/? B cd’-bde+ae?
2cd-be-~/b2e?-4ace? 2cd7be—\/m} /

Ar‘cSinh[ ]:

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

Z\E(cdszdeJraez) -

cd’-bde+ae? -2cd+be P
C+ + - (231 Acd°e
(d+ex)2 d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)
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2(cd2—bde+ae2)

(2cd—be+x/b2e2—4ace2) <d+ex)

1-

E1lipticE[i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-~/b*e*-4ace? 2cd-be-+/b%2e?2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vbZe?-4ace?

ﬁ B cd®*-bde+ae?
2cd-be/b’e? dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ]:

Vd+ex 2cd-be++vVb2e?2-4ace?

cd’-bde+ae?

2cd-be-+b%2e?-4ace?

Z\E(cdz—bdeJraez) -

cd’-bde+ae? -2cd+be 2
C+ + - 13ib“Cd“e
(d+ex)? d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1- EllipticE[i ArcSinh|

\/7 _ cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-+vVb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?-4ace?

2 _ cd’>-bdetae’
2cd-be-/b?e?-dace? 2cd-be-+b2e?-4ace? } /

ArcSinh| ]s

Vd+ex 2cd-be++vVb2e?-4ace?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

2\/7(cd2—bde+ae2) -
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cd’-bde+ae? -2cd+be . )
C+ + +(19iacCd e
(d+ex)? d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2) <d+ex)

1-

/ cd*-bde+ae?
2cdbe/b’e? 4ace’ } 2cd-be-+/b%2e?2-4ace?

EllipticE|i ArcSinh|

B —

Vd+ex 2cd-be+/b%2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

Vd+ex

EllipticF[i ArcSinh|

2cd-be-+/b%2e?2-4ace? ]

/ 22 (cd*-bde+ae?)
2cd-be+/b2e?-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -
2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

ib?>Bde?

2cd-be++/b*e?-4ace?

1-

2(cd2—bde+ae2)
(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd’-bde+ae’
2cd-be-/b?e?-4ace? 2cd-be-+b2e?-4ace?
P | - EllipticF|i
Vd+ex 2cd-be++/b%2e?-4ace?
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\/? _ cd’-bde+ae?
2cd-be-+/b?e?-4ace? 2cd-be-+/b%?e?-4ace? } /

ArcSinh| ]

Vd+ex 2cd-be++vbZe?-4ace?

cd’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -

cd’-bde+ae? -2cd+be . 3
C+ + + 231 Abcde

(d+ex)2 d+ex

2(cd2—bde+ae2)
(2cd—be+xlb2e2—4ace2) 1-
(ch—be—\/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

(chfbe+\/b2e274ace2) <d+ex)

1-

EllipticE|i ArcSinh|

\/? _ cd’-bde+ae?
2cd-be-r/b2e*-d4ace? 2cd-be-+b2e?-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vVbZe?-4ace?

\/? B cd’-bde+ae?
2cd-be-~/b2e?-4ace? 2cd7be—\/m} /

Ar‘cSinh[ ]:

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae?

2cd-be-+/b%2e?2-4ace?

Z\E(cdszdeJraez) -

cd’-bde+ae? -2cd+be . 3
C+ + -|291aBcde

(d+ex)2 d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(chfbefx/b2e2—4ace2) (d+ex)
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2(cd2—bde+ae2)

(2cd—be+x/b2e2—4ace2) <d+ex)

1-

E1lipticE[i ArcSinh|

\/? _ cd*-bde+ae?
2cd-be-~/b*e*-4ace? 2cd-be-+/b%2e?2-4ace?

] | - EllipticF[i

Vd+ex 2cd-be++vbZe?-4ace?

ﬁ B cd®*-bde+ae?
2cd-be/b’e? dace? 2cd-be-+b2e?-4ace? } /

Ar‘cSinh[ ]:

Vd+ex 2cd-be++vVb2e?2-4ace?

cd’-bde+ae?

2cd-be-+b%2e?-4ace?

Z\E(cdz—bdeJraez) -

cd’-bde+ae? -2cd+be . 3
C+ + +|5iabCde

(d+exf d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

1- EllipticE[i ArcSinh|

\/7 _ cd’-bde+ae?
2cd-be-+/b2e*-4ace? 2cd-be-+vVb2e2-4ace?

|» | - EllipticF[i

Vd+ex 2cd-be+Vb2e?-4ace?

2 _ cd’>-bdetae’
2cd-be-/b?e?-dace? 2cd-be-+b2e?-4ace? } /

ArcSinh| ]s

Vd+ex 2cd-be++vVb2e?-4ace?

cd?’-bde+ae?

2cd-be-+b2e2-4ace?

\/7<cd2—bde+ae2) -
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cd’-bde+ae? -2cd+be
c+ as - ~ 212 Ab?e

(d+exf d+ex

2 (cd’-bde+ae?
(2cd—be+\/b2e2—4ace2) 1- ( )

(ch—befx/b2e2—4ace2) (d+ex)

2(cd2—bde+ae2)

1-
(chfbe+VB:;iZE?ET)<d+e@
/ cd’-bde+ae?
E1lipt] E['A < h 2cd-be- b2e24aceZ } 2cd7be7\/m]
ipticE|i ArcSin s
Vd+ex 2cd-be++b%2e?2-4ace?
\/7 B cd’-bde+ae?
2cd-be-+/b%e?-4ace?
E1lipticF [i ArcSinh| |

Vd+ex

2cd-be-+/b%2e?2-4ace? ]

/ (cdszde+ae2)
2cd-be+/b2e?-4ace?

cd?’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+Vb%e?-4ace? (drex)? d+ex
2 (cd*’-bde+ae?
5iabBe*|2cd-be++/b*e?-4ace? 1- ( )
(ch—be—\/b2e2—4ace2) (d+ex)
L 2 (cd*-bde+ae?)

(2cd—be+\/b2e2—4ace2) (d+ex)

/ cd®*-bde+ae?
2cdbe/b?e?4ace’ 2cd—be—\/b2e2—4ace2]

EllipticE|i ArcSinh| B

\d+ex 2cd-be+Vb%2e?-4ace?
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2cd-be-/b2e?-4ace?

E1lipticF [i ArcSinh| ]s

Vd+ex

[ \/ cd’-bde+ae?

2cd-be-+b2e2-4ace? ]

/ \E(Cdz—bde+ae2)
2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b%2e2-4ace? (d+ex)2 d+ex

2 (cdszde+ae2)
9iaAce*|2cd-be++/b*e?-4ace? 1-
(ch—befx/b2e274ace2) (d+ex)
1 2(cd2—bde+ae2)

(chfbe+\/b2e274ace2> <d+ex)

/ cd*-bde+ae?
2cdben/b’e? 4ace’ 2cd-be-+/b2e?2-4ace?

EllipticE|i ArcSinh| ], ] -

Vd+ex 2cd-be+/b2e?2-4ace?

/2 _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF[i ArcSinh | ]

Vd+ex

2cd-be-+/b2e?2-4ace? ]

/ 22 (cd*-bde+ae?)
2cd-be+/b%2e?-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + -

2cd-be-+/b2e?2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)
(ch—be—\/b2e2—4ace2) (d+ex)

151a’Ce* [2cd-be++/b%?e?-4ace? 1-
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2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\ﬁ cd’-bde+ae?
2cdbe/b’e? 4ace’ 2cd-be-+/b%2e?-4ace?

EllipticE|i ArcSinh| ] ] -

Vd+ex 2cd-be+Vb2e2_-4ace?

[ _ cd’-bde+ae?
2cd-be-+/b%e?-4ace?

E1lipticF [i ArcSinh| )5

Vd+ex

2cd-be-+b2e2_4ace?
2cd-be+Vb2e2_-4ace?

] / 2\/7(cd2—bde+ae2)

cd’-bde+ae? cd’-bde+ae? -2cd+be
C+ + +

2cd-be-+/b2e2-4ace? (d+ex)2 d+ex

2(cd2—bde+ae2)

(ch—be—\/b2e2—4ace2) (d+ex)

iv2 c2cd® |1-

2 (cdszde+ae2)
(chfbe+\/b2e274ace2) (d+ex)

1-

/2 cd’-bde+ae?
2cd-be- bze ~4ace? 2cd-be-vVb2e2-4ace? } /

EllipticF[i ArcSinh| |

Vd+ex 2cd-be+Vb2e2-4ace?

cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+/b2e?_4ace? (d+ex)? d+ex

2(cd2—bde+ae2)

2cdfbe7\/b2e2—4ace2) (d+ex)

3iBc?d%*e |1-
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2(cd2—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2)<d+ex)
\/? _ cd*>-bdetae’
2cd-be-/b?e?-4ace? 2cd-be-+/b%?e?-4ace?
EllipticF [i ArcSinh| ] }/
Vd+ex 2cd-be++vVbZe?-4ace?
cd?’-bde+ae? cd?’-bde+ae? -2cd+be
vz |- - ¢ rae’ -2cdebe |
2cd-be-+b%e?-4ace? (d+ex)? d+ex

2 (cdz—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

3i+v2 bcCd?e |1-

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/7 cd’-bde+ae?
2cdbe/b’e dace? ] 2cd—be—\/b2e2—4ace2}/

EllipticF [i ArcSinh|

Vdrex 2cd-be+Vb2e?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2<cd2—bde+ae2)

(2cd—be—x/b2e2—4ace2) (d+ex)

ibBcde? |1-

2(cd2—bde+ae2)
(2cd—be+\/b2e2—4ace2) <d+ex)

1-

V2 _ cd’>-bdetae’
2cd-be-/b*e?-4ace? 2cd-be-+b2e?-4ace? } /

EllipticF i ArcSinh| ]

Vd+ex 2cd-be++vVbZe?-4ace?
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Nl B cd’-bde+ae? C+cd2—bde+ae2+—2cd+be )
2cd-be-+/b2e2-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

41i+/2 Ac?de? |1-

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e2—4ace2) (d+ex)
\/— cd®’-bderae?
2cd-be/b?erdace? 2cd-be-+b2e?-4ace?
EllipticF[i ArcSinh] | }/
Vd+ex 2cd-be++Vb2e?2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b%e?-4ace? (d+ex)? d+ex

2 (cd*-bde+ae?)
(ch—be—\/b2e2—4ace2) (d+ex)

5i+v2 acCde? |1-

2 (cdz—bde+ae2)

1-
(2cd—be+\/b2e274ace2) (d+ex)
\/— cd®’-bderae?
2cd-be- bze2 4ace? 2cd—be—\/m
EllipticF[i ArcSinh] | ] /
Vd+ex 2cd-be+Vb2e2-4ace?
cd’-bde+ae? cd’-bde+ae? -2cd+be
- C+ + +
2cd-be-+b%2e2-4ace? (d+ex)2 d+ex

2 (cd*-bde+ae?)

2cd—be—\/b2e2—4ace2) (d+ex)

212 Abce® |[1-
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2(cd2—bde+ae2)

(2cd—be+\/b2e2—4ace2) <d+ex)

1-

\/7 cd’*-bde+ae?
2cdbe/b’e dace’ ] 2cd—be—\/b2e2—4ace2}/

EllipticF [i ArcSinh|

Vdrex 2cd-be+Vb2e2-4ace?
cd?’-bde+ae? cd?’-bde+ae? -2cd+be
- C+ + -
2cd-be-+b2e2-4ace? (d+ex)2 d+ex

2<cd2—bde+ae2)

(chfbefx/b2e274ace2) (d+ex)

5iaBce® |[1-

2(cd2—bde+ae2)

1_
(2cd—be+\/b2e2—4ace2> <d+ex)
\/7 cd’-bde+ae?
2cd-be/brerdace? 2cd-be-+b2e?-4ace?
EllipticF [i ArcSinh| ] }/
Vd+ex 2cd-be++vVbZe?-4ace?
cd’-bde+ae? cd?’-bde+ae? -2cd+be
V2o - ! C+ * + *
2cd-be-+b2e2_4ace? (d+ex>2 d+ex

Problem 272: Unable to integrate problem.

J(g+hx)"‘ (a+bx+cx?)P (d+ex+fx?) dx

Optimal (type 6, 510leaves, 6 steps):
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f (g+hx)1*m (a+bx+cx2)1+p

ch (3+m+2p)

+

[(Fh(bg—ah) (L+m) +c(2fg?(1+p)-h(eg-dh) (3+m+2p))) (g+hx)™™ (a+bx+cx?)P

2c (g+hx) P

_ch— (b+\/b2—4ac ) h

1- AppellF1[1+m, -p, -p,

2c (g+hx) P L
2cg- (b—\/b2—4ac ) h

2c (g+hx) 2c (g+hx)

2cg- (b—\/b274ac ) h’ 2cg- (b+\/b274ac

2+m,

)h]y/(CM(1+m (3eme2p)) -

(bfh (2+m+p)+c(2fg(l1+p)-eh (3+m+2p))) (g+hx)2”" (a+bx+cx?)P

2c (g+hx) °

2cg- (b+\/b2—4ac ) h

1-

AppellF1[2+m, -p, -p,

2c (g+hx) P 1
2cg- (b—\/b2—4ac ) h

2c (g+hx) 2c (g+hx)

2cg- (bfx/b274ac ) h, 2cg- (b+x/b274ac)

3+m,

h]y/(CM(z+m (3+m+2p))

Result (type 8, 32leaves):

J(nghx)m (a+bx+cx?)? (d+ex+fx?) dx

Problem 273: Unable to integrate problem.

J(g+hx)m«/a+bx+cx2 (d+ex+fx?) dx

Optimal (type 6, 496 leaves, 6 steps):
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f(g+hx)" (a+bx+cx?)®?

ch (4+m)

(fh(bg-ah) (1+m)+c (3fg?>-h(eg-dh) (4+m))) (g+hx)""Ja+bx+cx?

+

1 1 2c (g+hx) 2c (g+hx)
AppellFl[1+m, - =, - =, 2+m, s /
2 2 2cg—(b—\/b2—4ac)h 2cg—(b+\/b2—4ac)h

2c (g+hx) 2c (g+hx)
ch® (1+m) (4+m) |1- 1- _
2cg—(b—\/b2—4ac)h 2cg—(b+\/b2—4ac)h

bfh(5+2m)+c (6fg-2eh (4+m) g+hx)?¥"/a+bx+cx?
(bfh( J el )) | )

1 1 2c (g+hx) 2c (g+hx)
AppellF1[2+m, - =, - =, 3+m, s /
2 2 2cg—(b—\/b2—4ac)h 2cg—(b+x/b2—4ac)h

2c (g+hx) 2c (g+hx)
2ch® (2+m) (4+m) |1- 1-
2cg—(b—\/b2—4ac)h 2cg—(b+\/b2—4ac)h
Result (type 8, 34 leaves):

J(g+hx)m«/a+bx+cx2 (d+ex+fx?) dx

Problem 274: Unable to integrate problem.

J(g+hx)’3’2" (a+bx+cx?)? (d+ex+fx?) dx

Optimal (type 6, 590 leaves, 5 steps):
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(fg2-h(eg-dh)) (g+hx)>®P (a+bx+cx?)™P 1
2h (cg?-bgh+ah?) (1+p) 2h3p
2¢ (g+hx) ]" . 2¢ (g+hx) J"
2cg—(b—\/m)h 2cg—(b+\/m)h
2c (g+hx) 2c (g+hx)
2cg-(b-+/b?-4ac|h 2cg- [b+VbI-4ac|h

1-

'F(g+hx)72p <a+bx+cx2)p

AppellF1[-2p, -p, -p, 1-2p,

] -

[(Zc (fg’-dgh?)+h (2ah (2fg-eh)-b (3fg’-egh-dh?)))

-p

Ji (ch—(b—\/b2—4ac)h) (b+\/b2—4ac +2cx)
b-+/b?2-4ac +2cx
( (chf(b+x/b274ac)h) (bfx/b274ac +2cx)

(g+hx) 1-2p (a+bx+cx?)?Hypergeometric2F1 [-1-2p, -p,

4cvb*-4ac (g+hx) ]
(ch— (b+\/b2—4ac ) h) (b—\/b2—4ac +2cx)

[th [ch— (b—x/b2—4ac ) h) (cg?-bgh+ah?) (1+2p)

Result (type 8, 36 leaves):

,2p) —

J(g+hx)’3’2’J (a+bx+cx?)? (d+ex+fx?) dx

Problem 278: Result more than twice size of optimal antiderivative.
j(dJrex)3 (a+bx+cx2)5
(d (6bd+5ae) + (12cd*+17bde+5ae’) x+e (29cd+1lbe) x*+17 ce*x?) dx

Optimal (type 1, 20leaves, 2 steps):
(d+ex)5(a+bx+cx2)6
Result (type 1, 167 leaves):
x(6a5 (b+cx) (d+ex)5+15a4x<b+cx>2(d+ex)5+
20 a3 x? (b+cx)3<d+ex)5+15a2x3 (b+cx)4(d+ex)5+6ax4 (b+cx) <d+ex)5+

5
x° (b+cx)6 (d+ex)5+a6e (5d4+10d3ex+1@d2e2x2+5de3x3+e4x4))

Problem 366: Result unnecessarily involves imaginary or complex numbers.

fegx+hx2+ix3+jx4
J dx

(a+bx—cx2)5/2

Optimal (type 3, 353 leaves, 5steps):
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(2 (ab*ci+2ac® (cg+ai)+ab’j-bc (c*f-ach-3a*j)+
(2c*f+c® (bg+2ah) +b*j+b>c (bi+daj)+c? <b2h+3abi+2a2j))x))/
2)3/2 _

( (b*+4ac) (a+bx-cx
(2 (b*ci+24a*c*i+2b*c® (2cg+3ai)+b°j+b’c(ch+10aj)+4bc® (2c®f-ach+8a%j) -
c(16c*f+8c’> (bg-ah)-4b*j-b*c (bi+28aj)+2c? (bzh—6ab1—16a2j))x)>/

j ArcTan| —b=2ex ]
(3c3 (b2+4ac)2\/a+bx7cx2 - Zsrc/z atbxzext
C

Result (type 3, 319leaves):
1
3c¢2 (b2+4ac)? (a+x (b-cx))*?
2(3b°jx*+b* (6ajx-4cjix®)+b*(3a’j+18acjx’+c® (F+3gx-x* (3h+ix)))+
8c? (22 Fx?+a® (21+3jx) -ac?x (3f+hx?) -a’c (g+x* (31i+43x))) +
4bc(5aj+2x* (-3f+gx) -2a’c (h-3ix)+3ac? (f-x(g-hx+ix?)))+
2b%c (21a*jx+c*x (3f+x (-6g+hx))+ac(g+x (-6h+3ix-143x%)))) +

ijLog[ﬂ—(%)—sz a+x (b-cx) |

c>3/2

Problem 367: Result more than twice size of optimal antiderivative.

J(d+ex)m (3+2x+5x2)3 (2+x+3x2—5x3+4x4) dx

Optimal (type 3, 588 leaves, 2 steps):
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(5d2—2de+3e2)3(4d4+5d3e+3d2e2—de3+2e4) (d+ex)1”" 1
ell <1+m) ell <2+m>
1
(5d2-2de+3e?)? (200d° +169d*e + 108 d>e? - 20d% e’ + 86d e’ -15¢e°) (d+ex)* ™+ ————
ell (3+m)
3(5d2-2de+3e?) (1500d° + 660 d° e + 792d* e? + 58 d> e + 547 d? e* - 156 d e® + 53 °) (d+ex)>" -
1
el (4+m)
2 (30 000 d” + 1050 d° e + 21420 d° e* + 1715 d* e’ + 9990 d* e* - 2550 d* e° + 2218 d e® - 287 ¢
1
(d+ex>4*’"+7
el (5+m)
(105000d6+3159d5e+53550d4 e? +3430d%e3+14985d?e* - 2550 d e” + 1109 e6) (d+ex)5*m—
1
6 (21000d° + 525d* e + 7140 d* e + 343 d? e + 999 d e* - 85€°) (d+ex)® "+
el (6+m)

(105000 d* + 2100 d* e + 21420 d? €2 + 686 d €> + 999 e*) (d +ex)”™"

el (7 +m)

2 (30000d> + 450 d2 e + 3060 d €2 + 49 €3) (d+ex)®"

N
ell (8 + m)

45 (500d*>+5de +17 e?) (d+ex)9*"' 25 (200d + e) (d+ex)1e”“ 500 (d+ex)””"
- +
ell (9+m) ell (10+m) ell (11+m)

Result (type 3, 2576 leaves):

[(d+ex)*™ (1814400000 d™° - 9672000 d° e (-11+ 208 x +m (~1+200X) ) +

1814400 d% e (5 (374-11x+200x%) +3m (119 - 20 X + 500 x*) +m* (17 - 5x + 500 x*) | -
10080 d’ e* (90 (-539 + 3740 x - 110 x* + 2000 X°) + 30 m* (-49 + 2244 X - 210 X* + 6000 X° |
m* (-49 + 3060 x - 450 X + 30000 x>) +m (-14651 + 400860 X - 15750 x> + 330000 x* ) )
720 d° e* (180 (43956 - 3773 x + 26180 X* - 770 x> + 14000 x*) +
49 m* (10989 - 4606 X + 76 500 X - 3300 X* + 75000 x*) + m* (999 - 686 X + 21420 x -
2100 x> + 105000 x*) + 2m> (18981 - 18633 X + 257040 X* - 17850 x> + 525000 x*) +
m (3378618 - 884 254 x + 7 968 240 x* - 266 700 x> + 5250000 x*) ) -
720 d° e® (180 (26180 + 43956 X - 3773 x* + 26180 x> - 770 x* + 14000 X°) +
m> (85 + 999 x - 343 x> + 7140 x> - 525 x* + 21000 X°) +
3m* (1275 + 12987 x - 3773 x* + 64260 x> - 3675 x* + 105000 X° ) +
3m? (202725 + 1305693 x - 222607 x> + 2134860 x> - 76 125 x* + 1575000 X°) +
m? (68425 + 576423 x - 134113 x> + 1763580 x> - 76 125 x* + 1785000 x° | +
2m (1342745 + 5645349 x - 611912 x> + 4769520 x> - 150675 x* + 2877000 X°) ) +
24 d* e® (1080 (341572 + 136900 X + 219780 x> - 18865 x> + 130900 x* - 3850 X° + 70000 X°) +
m® (1109 + 2550 x + 14 985 x* - 3430 x> + 53550 x* - 3150 x> + 185000 x°) +
25m* (47687 + 86700 X + 392607 X* - 67 228 x> + 760410 x* - 31500 x> + 735000 X°) +
3m> (18853 + 39100 x + 204795 x* - 41160 X° + 553350 x* - 27300 x> + 735000 X°) + 15 m>
(886091 + 1353200 x + 5069 925 x> - 713440 X° + 6729450 x* - 243600 X° + 5145000 X°) +
12m (22642453 + 18494725 x + 38116 845 x* - 3625510 x> + 26792850 x* -
822675 x> + 15435000 x°®) + 2m* (41323558 + 49404975 X + 143436420 x> -
16136435 x> + 131840100 x* - 4329675 X° + 85260000 x°) ) -
12d e’ (m’ (287 + 2218 x + 2550 x? + 9990 x> - 1715 x* + 21420 x° - 1050 x° + 30000 x” ) + 2160

+
+
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(226 990 + 341572 x + 130900 X + 219780 x* - 18865 x* + 130900 x° - 3850 x° + 70000 x7)
8m® (2009 + 14417 x + 15300 x> + 54 945 x> - 8575 x* + 96 390 x> - 4200 x° + 105000 X’ ) +
40m* (124558 + 724177 x + 615825 x* + 1758 240 x> - 217805 x* + 1959930 X° -

69825 x° + 1470000 x”) +2m> (190855 + 1248734 x + 1201050 x> + 3886110 X° -
543655 x* + 5462100 x> - 213150 x® + 4830000 X’) + 12m (37254035 + 106 767 866 X +
48770450 x> + 89420490 x° - 8099 945 x* + 58298100 X° - 1760850 x° + 32670000 X’ ) +
8m* (22157261 + 88589138 X + 52444575 x* + 109 835055 x> - 10787 350 x* + 81995760 X° -
2576175 x° + 49245000 x) +m> (38586863 + 191876962 X + 139405 950 X* +
343346310 x> - 37539635 x* + 307355580 X° - 10194450 x° + 203070000 X’ ) | +
6d>e® (m® (159 + 574 x + 2218 x* + 1700 X° + 4995 x* - 686 x> + 7140 x° - 300 X’ + 7500 x®) + 6 m’
(1590 + 5453 x + 19962 x> + 14450 x> + 39960 X* - 5145 x> + 49980 x° - 1950 X’ + 45000 x®) +
4320 (244860 + 220990 x + 341572 x> + 130900 x> + 219780 x* - 18865 X° +
130900 x° - 3850 x” + 70000 X®) + 6 m°® (41181 + 132594 X + 454690 x> +
307700 x> + 794205 x* - 95354 x° + 863940 x° - 31500 x” + 682500 x®) +
12m* (300510 + 894005 X + 2830168 X* + 1768850 X> + 4225770 x* - 471625 x> +
3998400 x° - 137550 x” + 2835000 x®) + 24 m (52296 690 + 77032235 X + 137 509 346 X* +
56 624450 x> + 99310590 x* - 8779085 x> + 62225100 x° - 1859850 x” + 34245000 x®) +
3m* (10806117 + 29046122 X + 83270374 x* + 47401100 X° + 104110785 X* -
10813418 x> + 86415420 x° - 2832900 x” + 56122500 x®) +
6m° (30618630 + 71948317 x + 182077 838 x> + 93086 050 x> + 187672140 x* -
18266465 x> + 138894420 x° - 4379550 x” + 84105000 X°) +
4m® (160119201 + 312153254 X + 674660 150 x* + 307 319200 x> + 573470 955 x* -
52869334 x> + 386281140 x° - 11814000 x” + 221482500 x°) ) -
de’® (m9 (3+2x+5x2)2 (15 + 86 x + 20 x> + 108 x> - 169 x* + 200 X°) +

25920 (103950 + 244860 X + 220990 X* + 341572 x> + 130900 x* +
2197806 x° - 18865 x°® + 130900 X’ - 3850 x® + 70000 X°) +

3m® (2835 + 19398 x + 33866 X* + 84284 x> + 46 750 x* + 105894 x> - 11662 X° +
99960 x” - 3525 x* + 75000 x°) + 6m’ (39015 + 256 626 X + 430500 x> + 1029152 X° +
548250 x* + 1192806 x> - 126 224 x° + 1040400 x” - 35325 x® + 725000 x° ) +

6m® (615195 + 3853206 X + 6159594 x* + 14048812 x> + 7152750 x* +
14907078 x> - 1515374 x° + 12038040 x” - 395325 x* + 7875000 X°) +

144m (28438425 + 96 371490 x + 96921335 x> + 158003666 X° + 62514 950 x* +
107222670 x° - 9345035 x° + 65591100 X’ - 1946475 x® + 35645000 X°) +

3m> (12236805 + 72048942 x + 188594 486 x> + 234464780 X° + 113554050 x* +
226351422 x° - 22132418 x° + 170031960 x” - 5425875 x® + 185455000 X° ) +

3m* (79518915 + 432260262 X + 605 966 634 x* + 1227933596 x> + 563 664 750 x* +
1075077 846 x° - 181413438 x® + 756 597 240 X’ - 23566 725 x® + 448 875000 X°) +

12m* (224755965 + 947 798682 X + 1086499 918 x* + 1899357684 x> + 784511750 x* +
1385287326 x° - 123296 838 x° + 879233880 x” - 26417 775 x® + 488625000 x° ) +

4m* (252936540 + 1236282876 X + 1583994615 x> + 2988020842 X° + 1298753 250 x* +

2377214406 x° - 217267519 x® + 1581147900 x’ - 48 276 450 x& + 904 600 000 x9) ) +
el® (m18 <3+2x+5x2)3 (2+x+3x2—5x3+4x4> +m? (3+2x+5x2)2
(390 + 440 x + 1279 x* - 280 x> + 997 x* - 936 X° + 1100 X°) +
25920 (83 160 + 103950 X + 244 860 x> + 220990 x> + 341572 x* + 130900 X° +

2197806 x° - 18865 x + 130900 x® - 3850 x° + 70000 X'°) +
3m® (33480 + 80865 x + 276024 x> + 320866 x> + 598 860 x* + 266050 x° +
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503496 x° — 47726 X’ + 360060 x® — 11375 x° + 220 000 x) +
6m’ (277290 + 654210 x + 2183229 x* + 2483698 x> + 4541355 x* + 1978 800 X° +
3677319 x° - 342706 x” + 2545155 x® - 79250 x° + 1512500 x*?) +
3m® (5879034 + 13467195 x + 43730883 x> + 48517350 x> + 86713819 x* +
37016310 x> + 67539393 x° - 6192522 x” + 45330075 x® - 1393525 x° + 26 295500 x*°) +
144m (30235140 + 47 149425 x + 118 408 890 x* + 110180735 x> + 173374406 x* +
67227350 x> + 113816070 x® - 9830135 X’ + 68536 350 x® - 2023475 x° + 36 905000 x'?) +
3m> (41597010 + 91755720 x + 288179073 x> + 310583364 x> + 541448179 x* + 226 287 000
x® + 405531063 x° - 36620052 x” + 264 606 615 x® - 8044400 X + 150 342500 X*°) +
12m* (316309212 + 566017 065 X + 1526027 622 x* + 1474185258 x> + 2373368682 x* +
934547630 x> + 1599732666 x® - 139316 898 x’ + 977620530 x® - 29013075 x° +
531399000 x'°) + 4m> (472056390 + 927 204435 x + 2657 980 899 x* +
2670494533 x> + 4412539105 x* + 1769460 300 x° + 3069 858 069 x° —
270109021 x” + 1910860 605 x® - 57082375 x° + 1051187 500 x*°) +
m* (595543860 + 1250302905 X + 3769 346 538 x* + 3929892722 x> +
6671821630 x* + 2729996 850 x° + 4810043142 x° - 428393182 x” +
3060365 670 x® - 92156 375 x° + 1708 465 000 x'°) ) ) ) /

(e (1+m) (2+m) (3+m) (4+m) (5+m) (6+m)
(7

Problem 368: Result more than twice size of optimal antiderivative.
J(d+ex)m (3+2x+5x2)2 (2+x+3x% -5 +4x*) dx

Optimal (type 3, 432 leaves, 2 steps):
(5d272de+3e2)2 (4d4+5d3e+3d2e27de3+2e4) (d+ex)1*m 1

e (1+m) e (2+m)
(5d*-2de+3e?) (160d°+127d*e+88d*e?-4d*e’ +64de* -11e°) (d+ex)*™"+

9( ) (2800d6+945d5e+1665d4e2+370d3e3+888d2 4—195de5+107e6) (d+ex>3”"—
e’ (3+m

; (5600 d> + 1575 d* e + 2220 d° e? + 370 d* €® + 592d e* - 65e°) (d+ex)* "+
e’ (4+m)

(7@@@ d* +1575d3 e + 1665 d2 e? + 185 d e3 + 148 e4) (d +e x) S+m

e’ (5+m)

(5600 d* + 945d2 e + 666 d e? + 37 e?) (d+ex)®™"

+
e (6+m)

(2800 d? + 315d e + 111 €2) <d+ex)7”" 5 (160d+9e) (d+ex)8*"1 100 (d+ex)9”"

e (7 +m) e (8+m) : e (9+m)
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Result (type 3, 1476 leaves):
1
e (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m) (8+m) (9+m)
(d+ex)™ (4032000d8—25200d7e (-81+160x+m (-9+160x) ) +

720 d® e® (7992 - 2835 x + 5600 x* + 3 m (629 - 1050 X + 2800 X*) +m* (111 - 315 x + 2800 X*) ) -
120d°e® (12m? (-74 +999 x - 945 x* + 2800 X*) + 6 (-3108 + 7992 X - 2835 Xx* + 5600 x> +
m® (-37 + 666 X - 945 x> + 5600 x> ) +m (-7067 + 59274 X - 27485 x* + 61600 X°) ) +
24 d*e* (m* (148 - 185 x + 1665 x> - 1575 x> + 7000 x*) + 25m (9768 - 5143 X + 16 650 X - 6615 X> +
14000 x*) + 5m> (888 - 925 X + 6660 x> - 4725 X + 14000 X*) + 6 (74592 - 15540 X +
39960 x> - 14175 x> + 28000 x*) + 5m? (9916 - 7955 x + 41625 x> - 20475 x> + 49000 X*) ) -
6d>e> (m> (65 +592 x - 370 x* + 2220 X° - 1575 x* + 5600 X° ) +
24 (40950 + 74592 X - 15540 x* + 39960 x> - 14175 x* + 28000 X°) +
m* (2275 + 18352 x - 9990 x* + 51060 x> - 29925 x* + 84000 X° ) +
5m (6305 + 43216 x - 19610 x> + 82140 x> - 39375 x* + 95200 X° ) +
5m? (43225 + 235024 x - 83250 x* + 277500 x> - 114975 x* + 252000 X° ) +
2m (366405 + 1383504 x - 350390 x* + 992340 x> - 373275 x* + 767200 X° ) ) +
2d?e® (m® (107 + 195 x + 888 x> - 370 X° + 1665 x* - 945 X + 2800 X°) +
3m°> (1391 + 2340 x + 9768 x> - 3700 X° + 14985 x* - 7560 X° + 19600 X°) +
72 (89880 + 40950 X + 74592 x* - 15540 X° + 39960 x* - 14175 X° + 28000 x°) +
15m* (37557 + 49530 x + 160728 x> - 47 360 x> + 151515 x* - 62370 x° + 137200 x°) +
m* (66875 + 101400 x + 379176 x> - 128020 X° + 461 205 X* - 207 900 X° + 490000 X°) +
6m (1073852 + 857805 x + 1831056 X* - 412550 x> + 1112220 x* - 407 295 x> + 823200 x°) +
m? (2629418 + 28468085 X + 7675872 x* - 1949530 x° +
5651010 x* - 2172555 x> + 4547200 x°) ) -
de’ (m” (33 +214 x+195x*+ 592 x> - 185 x* + 666 x> - 315 x° + 800 x| +
2m® (693 + 4280 x + 3705 x> + 10656 X° - 3145 x* + 10656 x> - 4725 x® + 11200 X’ ) +
144 (41580 + 89880 X + 40950 X + 74592 x> - 15540 x* + 39960 X° - 14175 x° + 28000 X’ ) +
2m> (12243 + 71048 x + 57720 x> + 155696 X° - 43105 x* + 137196 x> - 57330 x° + 128800 x| +
2m* (117810 + 630230 x + 472875 x* + 1182816 x> - 305620 x* + 915750 X° -
363825 x® + 784000 x7) +12m (663102 + 2152412 X + 1103505 x* + 2129424 x* -
459170 x* + 1208124 x> - 435645 x° + 871200 X’ ) +2m* (2209977 + 9072530 X +
5420220 x* + 11337984 x> - 2568 355 x* + 6985674 x> - 2579850 x® + 5252800 X’ ) +
m> (1332177 + 6385546 X + 4332705 x> + 9939088 x> - 2395565 x* + 6 805854 X° -
2595285 x° + 54152007 ) ) + € (m® (3+2x+5x2)% (24 x+3x2-5x7 +4x") +

m’ (792 + 1419 X + 4494 x> + 2665 X° + 5920 x* - 1443 x° + 4218 x° - 1665 x” + 3600 x®) +

2m® (7434 + 12936 X + 39804 x> + 22 945 x> + 49580 x* - 11766 x> + 33522 x° -
12915 x7 + 27300 x®) + 144 (45360 + 41580 X + 89 880 X” + 40950 X + 74592 x* -
15540 x° + 39960 x° - 14175 x” + 28000 X®) + 2m> (77616 + 130053 X + 386 163 X +
215345 x° + 451400 x* - 104229 x° + 289821 x° - 109 305 x” + 226 800 x®) +

12m (995544 + 1162062 X + 2691692 x* + 1267 305 x> + 2353200 x* - 496 466 X° +
1288044 x° - 459945 x” + 913200 x®) + m* (983682 + 1567797 X + 4453233 x> +
2389985 x> + 4850404 x* - 1090353 X> + 2965809 x° - 1098405 x” + 2244900 x®) +

2m* (4581036 + 6188589 X + 15529766 x* + 7627 230 x> + 14532120 x* - 3119359 x° +
8193798 x° - 2953260 x” + 5906 200 x®) + m> (3864168 + 5752131 X + 15458076 x* +

7946185 x> + 15608080 x* - 3422907 x°> + 9134412 x® - 3332385 x’ + 6728400 x8) ) )
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Problem 369: Result more than twice size of optimal antiderivative.

J(d+ex)m (3+2x+5x2) (2+x+3x2—5x3+4x4) dx

Optimal (type 3, 292 leaves, 2 steps):
(5d>-2de+3e?) (4d*+5d*e+3d?e?-de’+2e%) (d+ex>1”"

e’ (1+m)

(120d° +85d*e + 68d> e? + 12d2 e* + 42d e* - 7 &) (d+ex)2*"'

N
e’ (2+m)

(3eed4+17ed3e+102d2e2+12de3+21e4) (d+ex)3+m

e’ (3+m)

2 (200d>+85d2e+34de?+2¢e%) (d+ex)*"

.
e’ (4+m)

(300d2+85de+17e?) (d+ex)>" (120d+17e) (d+ex)®" 20 (d+ex)”™"
- +
e’ (5+m) e’ (6+m) e’ (7+m)

Result (type 3, 743 leaves):
1

e’ (1+m) (2+m) (3+m) (4+m) (5+m) (6+m) (7+m)

(d+ex)™™" (14400d° - 120d°e (-119+120x +m (-17 + 120 X)) +
24 d* e (714 - 595 x + 600 x* + m* (17 - 85 x + 300 x*) +m (221 - 680 x + 900 x*) ) -
12d*e® (m* (-2+34x-85x%+200 ) +2 (-210 + 714 x - 595 x* + 600 x> ) +
2m? (-18+238x - 425x* + 600 X>) +m (-214 + 1870 X - 1955 X* + 2200 X ) +
2d?e* (m* (21-12x+102 x> - 170 x> + 300 x*) + 12 (1470 - 218 X + 714 x> - 595 X* + 608 X*) + 2
m> (231 - 114 x + 816 x> - 1105 x> + 1500 x*) +2m (6699 - 1902 X + 7752 x* - 7055 X° + 7500 x*) +
m? (3759 - 1500 x + 8466 x> - 9018 x> + 10500 x*) ) - d e®
(m® (7 +42x-12x%+ 68 x> - 85 x* + 120 X°) + 24 (735 + 1470 x - 210 X* + 714 x> - 595 x* + 600 X°) +
m* (175 + 966 x - 252 x* + 1292 x> - 1445 x* + 1800 X° ) +
m® (1715 + 8442 x - 1956 x> + 8908 x> - 8925 x* + 10200 x> ) +
2m (9639 + 31038 x - 5064 x> + 18360 x> - 15895 x* + 16440 X°) +
m? (8225 + 34314 x - 6804 x> + 27 268 X* - 25075 x* + 27000 X°) ) +
e® (m® (6+7x+21x* -4 +17x*-17 x> +20x°%) +m°> (162 + 182 x + 525 x> - 96 X° +
391 x* - 374 X° + 420 x°) + 24 (1260 + 735 x + 1470 x* - 210 x> + 714 x* - 595 X° + 600 X°) +
m* (1770 + 1890 x + 5187 x* - 904 x> + 3519 x* - 3230 x° + 3500 x°) +
m> (9990 + 9940 x + 25599 x> - 4224 x> + 15725 x* - 13940 x> + 14700 x°) +
2m (24084 + 18459 X + 39858 x* - 5904 X° + 20502 x* - 17323 x° + 17640 x°) +
m? (30624 + 27503 x + 65352 x> - 10180 x> + 36448 x* - 31433 x° + 32480 x°) ) )

Problem 370: Result more than twice size of optimal antiderivative.

(d+ex)'" (2+x+3x2—5x3+4x4>
J dx

3+2x+5x?
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Optimal (type 5, 255 leaves, 4 steps):
(100d2 +165de+81e?) (d+ex)™™ (40d+33e) (d+ex)*™ 4 (d+ex)"

+ —

125¢€% (1+m) 25€* (24 m) 5e (3+m)
5 (d
64123 - 423/14 | (d + ex) " " Hypergeometric2F1[1, 1+ m, 2+ m, (d+ex) }/
S5d-e+1+V14 e
(350@ (def(]'um) e) (1+m)),
5(d+ex)

(6412 i+423+/14 ) (d + ex)*"Hypergeometric2F1[1, 1+m, 2 +m, ]

/

5d—(1+1’1\/ﬁ)e
(350@ (def(LM) e) (1+m))

Result (type 5, 621 leaves):
1

17500 e3m (1+m) (2+m) (3+m)

(d+ex)'“ 28000d>m+23100d%em (3+m) +11340de?m (2+m) (3+m) -

28000 d%>em? x - 23100 d e2 m? <3+m> X +11340e3m (2+m) (3+m) X +
14000de’m* x* + 14000 d e*m> x* - 23100 e’ m (3 +m) x* - 23100 e>m* (3 +m) x* +

e X
28000 e3mx3 +42000e3m? x> + 14000 e3m? x> - 28000 d> m (1+ -—

d

-m

d+ex

e(1+ix/ﬁ+5x)

23100d%em (3+m)

e xy-m
1+7J +6412 5" e3 (1+m) (2+m) (3+m)

51’1d+(—1’1+\/ﬁ)e
e(-jHM-sJix)
o de+(fj+dzf)e

Hypergeometric2F1[-m, -m, 1 -m,
e (-]1+x/1 -ij)

Hypergeometric2F1[-m, -m, 1 -m, | -423i5"/14 € (1+m) (2+m)

d+ex

e (1+jm/14 +5x)

<3+m)

d+ex

e(1-1v14 +5x)
5id+(i+V14]e
e(j+di?+51q
B -51d+(i+VTI)e]

Hypergeometric2F1[-m, -m, 1 -m,
e (j+x/14 +5]‘1x)

6412 5"e? (1+m) (2+m) (3+m)

Hypergeometric2F1[-m, -m, 1-m, | +423i5"/14 € (1+m) (2+m)

d+ex

e(l—]i\/HJer)

(3+m)
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Problem 371: Unable to integrate problem.

(d+ex)"‘ (2+x+3x2—5x3+4x4>
j dx
(

3+2x+5x2)2
Optimal (type 5, 377 leaves, 5steps):

4 (d+ex)1”" (1367d - 293 e + (423d - 1367 ) x| (d+ex)1”"
- +
25e(1+m) 700(5d2—2de+3e2) (3+2x+5x2)

[(8036ed2-32144de+48216 e’ +1i+/14 (6565d*-2de (1313-32@6m) +e? (3939_98m)) -

5 (d+ex)

5d-e+1+14 e

5922dem+ 19138 ¢e? m) (d+ex) ™" Hypergeometric2F1[1, 1+m, 2 +m, ]

/

(196@0 (5d+i (mﬁ) e) (5d?-2de+3e?) (1+m)) .

(86360d2—32144de+48216 e’-i+/14 (6565d°-2de (1313-3206m) +e? (3939-98m) ) - 5922d

/

5 (d+ex)

5d-(1+1x/ﬁ)e

em+19138e¢? m) (d+e x> M Hypergeometric2F1 [1, 1+m, 2+m,

]

(19600(5d—(1+1’1\/ﬁ) e) (5d>-2de+3e?) <1+m>)

Result (type 8, 40 leaves):

(d+ex)" (2+x+3x2—5x3+4x4)
J ( dx

3+2X+5X2)2
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Summary of Integration Test Results

400 integration problems

_—

A - 367 optimal antiderivatives

B - 11 more than twice size of optimal antiderivatives
C - 15 unnecessarily complex antiderivatives

D - 7 unable tointegrate problems

E - Ointegration timeouts



